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ON MINIMAL VARIETIES GROWING FROM
QUASISMOOTH WEIGHTED HYPERSURFACES
MENG CHEN, CHEN JIANG, BINRU LI
Abstract. This paper concerns the construction of minimal va-
rieties with small canonical volumes. The first part devotes to
establishing an effective nefness criterion for the canonical divisor
of a weighted blow-up over a weighted hypersurface, from which
we construct plenty of new minimal 3-folds including 59 families
of minimal 3-folds of general type, several infinite series of mini-
mal 3-folds of Kodaira dimension 2, 2 families of minimal 3-folds
of general type on the Noether line, and 12 families of minimal
3-folds of general type near the Noether line. In the second part,
we prove effective lower bounds of canonical volumes of minimal
n-folds of general type with canonical dimension n − 1 or n − 2.
Examples are provided to show that the theoretical lower bounds
are optimal in dimension at most 5 and nearly optimal in higher
dimensions.
1. Introduction
In birational geometry, the minimal model program (in short, MMP)
predicts that any projective variety is birationally equivalent to a min-
imal variety (i.e., a normal projective variety with a nef canonical di-
visor K and with at worst Q-factorial terminal singularities) or a Mori
fiber space. Though there still remain some challenging open problems
such as the abundance conjecture, the MMP theory is very successful
(see, e.g., [KMM85, KM98, BCHM10]). On the other hand, from the
point of view of the classification theory, the equally important ques-
tion might be seeking out a concrete minimal model of the given variety
and to calculate its birational invariants such as the canonical volume,
plurigenus, holomorphic Euler characteristic and so on.
The pioneer work of Reid in 1979 ([Rei79]) gave the famous list of
95 weighted hypersurface K3 surfaces. Following Reid’s strategy, Iano-
Fletcher [IF00] provided several lists of weighted complete intersection
3-folds which are minimal and have at worst terminal cyclic quotient
singularities. A remarkable example from Iano-Fletcher’s lists is the
general weighted hypersurface of degree 46, say X46 ⊂ P(4, 5, 6, 7, 23),
which has canonical volume as small as 1
420
and canonical stability
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index rs(X46) = 27 and so, in particular, the 26-canonical map of
X46 is non-birational. Among all known examples of 3-folds of gen-
eral type, this example has the smallest canonical volume and the
largest canonical stability index, and it may account for the complex-
ity of higher dimensional birational geometry. In fact, intentionally
constructing minimal varieties is an important but quite difficult prob-
lem. This kind of efforts appear in some established work such as
[JK01, CR02, Rei05, BKR12, BR13, BK16, BR17] and so on.
Another motivation of constructing minimal varieties, especially with
small canonical volumes, is the following open question raised by Hacon
and McKernan (see [HM06, Problem 1.5]):
Question 1.1. For any n ≥ 3, find the optimal constant rn ∈ Z>0 such
that, for any projective n-fold of general type, the m-canonical map is
birational for all m ≥ rn.
It is known that Question 1.1 (see also [CC10a, Problem 2]) is es-
sentially equivalent to the following:
Question 1.2. For any n ≥ 3, find the optimal constant vn ∈ Q>0
such that, for any projective n-fold Y of general type, the canonical
volume Vol(Y ) ≥ vn.
A naive way of constructing desired varieties could be, starting from
a singular hypersurface in Pn, to obtain a smooth model by resolving
singularities and to calculate their birational invariants. Unlike the sur-
face case, this would be very difficult in higher dimensions as MMP and
birational morphisms are more complicated than those in the surface
case.
In this paper, we consider a special construction starting from a
well-formed quasismooth weighted hypersurface X (see Subsection 2.5
for definitions), with only isolated singularities, which has exactly one
non-canonical singularity P . One takes a weighted blow-up along the
center P ∈ X to obtain a higher model Y . To make sure that Y is
almost minimal, as the key observation, we have the following nefness
criterion:
Theorem 1.3. Let X = Xnd ⊂ P(b1, . . . , bn+2) be an n-dimensional
well-formed quasismooth general hypersurface of degree d with α =
d −
∑n+2
i=1 bi > 0 where b1, . . . , bn+2 are not necessarily sorted by size.
Denote by x1, . . . , xn+2 the homogenous coordinates of P(b1, . . . , bn+2).
Assume that X has a cyclic quotient singularity of type 1
r
(e1, . . . , en)
at the point Q = (x1 = x2 = · · · = xn = 0) where e1, . . . , en > 0,
gcd(e1, . . . , en) = 1,
∑n
i=1 ei < r and that x1, . . . , xn are also the local
coordinates of Q corresponding to the weights e1
r
, . . . , en
r
respectively.
Let pi : Y → X be the weighted blow-up at Q with weight (e1, . . . , en).
Suppose that there exists an index k ∈ {1, . . . , n} such that
(1) αej ≥ bj(r −
∑n
i=1 ei) for each j ∈ {1, . . . , kˆ, . . . , n};
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(2) αdrek ≥ bkbn+1bn+2(r −
∑n
i=1 ei);
(3) a general hypersurface of degree d in P(bk, bn+1, bn+2) is irre-
ducible;
(4) P(e1, . . . , en) is well-formed.
Then KY is nef and ν(Y ) ≥ n − 1 where ν(Y ) denotes the numerical
Kodaira dimension.
Under the setting of Theorem 1.3, if moreover Y has at worst canon-
ical singularities, then Y will correspond to a desired minimal variety
of Kodaira dimension at least n − 1, which is the case at least in di-
mension 3. In Section 4, we provide 59 families of concrete minimal
3-folds of general type in Table 1, Table 2, Table 10, and Table 11. All
of these examples are different from those found by Iano-Fletcher as
they have Picard numbers at least 2. Moreover most of our examples
have different deformation invariants from those of known ones. Here
we mention several very interesting minimal 3-folds in our tables:
⋄ The minimal models of both the general hypersurface of degree
13 in P(1, 1, 2, 3, 5) (see Table 1, No. 2) and the general hyper-
surface of degree 15 in P(1, 1, 2, 3, 7) (see Table 1, No. 3) have
pg = 2 and K
3 = 1
3
. These are new examples attaining minimal
volumes and they justify the sharpness of [Che07, Theorem 1.4].
⋄ The minimal model of the general hypersurface of degree 40 in
P(1, 1, 5, 8, 20) (see Table 10, No. 7) is a smooth minimal 3-fold
with pg = 7 and K
3 = 6; the minimal model of the general
hypersurface of degree 120 in P(1, 1, 17, 24, 60) (see Table 10,
No. 11) is a smooth minimal 3-fold with pg = 19 and K
3 = 22.
Both examples lie on the Noether line K3 = 4
3
pg −
10
3
. These
are new examples which are not birationally equivalent to those
constructed by Kobayashi [Kob92] and by Chen and Hu [CH17]
(see Remark 4.7).
⋄ The minimal model of the general hypersurface of degree 70
in P(1, 1, 10, 14, 35) (see Table 10, No. 10) has pg = 10 and
K3 = 301
30
, which lies very closely above the Noether line. One
may refer to [CCJ20, CCJa] for the importance of this example.
Another interesting application of Theorem 1.3 is that one may find
infinite series of families of minimal 3-folds of Kodaira dimension 2 in
Tables 4∼9 (see Table 14 in Appendix A for more concrete examples).
As far as we know, there are very few known examples of minimal 3-
folds of Kodaira dimension 2 appearing in literature. These examples
may be valuable in future study as they are useful in the classification
theory of 3-folds. It is also possible to provide a lot of higher dimen-
sional examples. In Proposition 6.1 and Lemma 6.8 we provide methods
to construct higher dimensional minimal varieties starting from lower
dimensions.
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In the second part of this paper, we mainly study Question 1.2 for
minimal varieties with high canonical dimensions. For a given mini-
mal variety Y of general type, the canonical dimension is defined as
can.dim(Y ) = dimΦ|KY |(Y ). The extremal case with can.dim(Y ) =
dim(Y ) = n was first studied by Kobayashi [Kob92], in which case the
following optimal inequality holds:
KnY ≥ 2pg(Y )− 2n.
The above equality may hold when Y is certain double cover over Pn.
Hence it is natural to study those cases with can.dim(Y ) < n.
Our main theorems are as follows:
Theorem 1.4. Let Y be a minimal projective n-fold of general type
with canonical dimension n− 1 (n ≥ 3). Then
KnY ≥
{
2
n−1
, for 3 ≤ n ≤ 5;
1
(n−1)2
⌈8(n−2)
3
⌉, for n ≥ 6.
Theorem 1.5. Let Y be a minimal projective n-fold of general type
with canonical dimension n− 2 (n ≥ 3). Then
KnY ≥

1
3
, for n = 3;
1
(n−1)(n−2)
, for 4 ≤ n ≤ 11;
4n−14
3(n−2)3
, for n ≥ 12.
In fact, we prove slightly general inequalities in Theorem 5.1 and
Theorem 5.4. It is interesting to know whether the lower bounds in
Theorem 1.4 and Theorem 1.5 are close to the optima.
Thanks to the effective construction in the first part of this paper,
we are able to find supporting examples which show that, at least, both
Theorem 1.4 and Theorem 1.5 are optimal for n ≤ 5. We also provide
higher dimensional examples of which the canonical volumes are nearly
optimal.
The structure of this article is as follows. In Section 2, we collect ba-
sic notions and preliminary results. In Section 3, we prove the nefness
criterion (i.e., Theorem 1.3), which enables us to tell when a weighted
blow-up of a well-formed quasismooth weighted hypersurface induces a
minimal model with canonical singularities. Section 4 devotes to pre-
senting concrete examples of minimal 3-folds with Kodaira dimension
at least 2. In Section 5, we mainly study the lower bound of canonical
volumes of minimal varieties of general type with higher canonical di-
mensions. Thanks to our established construction, we manage to find
many series of supporting examples in all dimensions, in Section 6,
which justify the inequalities in Theorem 1.4 and Theorem 1.5. Fi-
nally we put a list of 46 families of concrete minimal 3-folds of Kodaira
dimension 2 in Appendix A.
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2. Preliminaries
Throughout we work over any algebraically closed field of character-
istic 0.
2.1. Canonical volume and canonical dimension.
Let Z be a smooth projective variety. The canonical volume of Z is
defined as
Vol(Z) = lim
m→∞
dim(Z)! h0(Z,mKZ)
mdim(Z)
.
For an arbitrary normal projective variety X , the geometric genus of
X is defined as pg(X) = pg(Z) = h
0(Z,KZ), and the canonical volume
of X is defined as Vol(X) = Vol(Z), where Z is a smooth birational
model of X . It is known that both pg(X) and Vol(X) are independent
of the choice of Z. Moreover, if X has at worst canonical singularities
and KX is nef, then Vol(X) = K
dim(X)
X .
A normal projective variety X is of general type if Vol(X) > 0. A
projective variety X is minimal if X is normal Q-factorial with at worst
terminal singularities and KX is nef.
Definition 2.1. For a normal projective variety X with at worst
canonical singularities, define the canonical dimension of X as
can.dim(X) =

−∞, if pg(X) = 0;
0, if pg(X) = 1;
dimΦ|KX |(X), otherwise.
Here Φ|KX | is the rational map defined by the linear system |KX |, and
Φ|KX |(X) is called the canonical image of X .
2.2. Kodaira dimension and numerical Kodaira dimension.
Definition 2.2. LetD be a Q-Cartier Q-divisor on a normal projective
variety X . The Kodaira dimension of D is defined to be
κ(X,D) =

max{k ∈ Z≥0 | lim
m→∞
m−kh0(X, ⌊mD⌋) > 0}, if |⌊mD⌋| 6= ∅
for a m ∈ Z>0;
−∞, otherwise.
For a normal projective variety X such that KX is Q-Cartier, denote
κ(X) = κ(X,KX). Note that if X has at worst canonical singularities,
then κ(X) = dimX if and only if X is of general type.
Definition 2.3. Let D be a nef Q-Cartier Q-divisor on a projective
variety X . The numerical Kodaira dimension of D is defined to be
ν(X,D) := max{k ∈ Z≥0 | D
k 6≡ 0}.
For a normal projective variety X such that KX is Q-Cartier and nef,
denote ν(X) = κ(X,KX). The famous abundance conjecture states
that, if X is a normal projective variety with mild singularities (e.g.,
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canonical singularities) such thatKX isQ-Cartier and nef, then κ(X) =
ν(X). In particular, this conjecture was proved if dimX = 3 and X
has canonical singularities (see [Kaw85, Miy88, Kaw92] and references
therein).
2.3. Cyclic quotient singularities.
Let r be a positive integer. Denote by µr the cyclic group of r-th
roots of unity in C. A cyclic quotient singularity is of the form An/µr,
where the action of µr is given by
µr ∋ ξ : (x1, . . . , xn) 7→ (ξ
a1x1, . . . , ξ
anxn)
for certain a1, . . . , an ∈ Z/r. Note that we may always assume that
the action of µr on A
n is small, that is, it contains no reflection
([Ish18, Definition 7.4.6, Theorem 7.4.8]), which is equivalent to that
gcd(r, a1, ..., aˆi, ..., an) = 1 for every 1 ≤ i ≤ n by [Fuj74, Remark 1].
In this case, We say that An/µr is of type
1
r
(a1, . . . , an). We say that
P ∈ X is a cyclic quotient singularity of type 1
r
(a1, . . . , an) if (P ∈ X)
is locally analytically isomorphic to a neighborhood of (0 ∈ An/µr).
Recall that this singularity is isolated if and only if gcd(ai, r) = 1 for
every 1 ≤ i ≤ n by [Fuj74, Remark 1].
The toric geometry interpretation of cyclic quotient singularities, by
virtue of Reid [Rei87, (4.3)], is as follows. Let M ≃ Zn be the lattice
of monomials on An, and N its dual. Define N = N +Z · 1
r
(a1, . . . , an)
and M ⊂ M the dual sub-lattice. Let σ = Rn≥0 ⊂ NR be the positive
quadrant and σ∨ ⊂ MR the dual quadrant. Then in the language of
toric geometry,
An = Spec C[M ∩ σ∨]
and its quotient
An/µr = Spec C[M ∩ σ
∨] = TN (∆),
where ∆ is the fan corresponding to σ.
We refer to [Rei87] for the definitions of terminal singularities and
canonical singularities. Here we only mention a criterion on whether a
cyclic quotient singularity is terminal or canonical.
Lemma 2.4 ([Rei87, 4.11]). A cyclic quotient singularity of type 1
r
(a1, . . . , an)
is terminal (resp. canonical) if and only if
n∑
i=1
{kai
r
}
> 1 (resp. ≥ 1)
for k = 1, . . . , r − 1. Here
{
kai
r
}
= kai
r
− ⌊kai
r
⌋ for each i and k.
Also it is well-known that a 3-dimensional cyclic quotient singularity
is terminal if and only if it is of type 1
r
(1,−1, a) with gcd(a, r) = 1
([Rei87, 5.2]).
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2.4. The Reid basket.
A basket B is a collection of pairs of integers (permitting weights),
say {(bi, ri) | i = 1, . . . , s; gcd(bi, ri) = 1}. For simplicity, we will alter-
natively write a basket as a set of pairs with weights, say for example,
B = {(1, 2), (1, 2), (2, 5)} = {2× (1, 2), (2, 5)}.
Let X be a 3-fold with at worst canonical singularities. According to
Reid [Rei87], there is a basket of terminal cyclic quotient singularities
(called the Reid basket)
BX =
{
(bi, ri) | i = 1, . . . , s; 0 < bi ≤
ri
2
; gcd(bi, ri) = 1
}
associated to X , where a pair (bi, ri) corresponds to a terminal cyclic
quotient singularity of type 1
ri
(1,−1, bi). The way of determining the
Reid basket of X is to take a terminalization (i.e. a crepant Q-factorial
terminal model) X ′ → X and to locally deform every terminal singu-
larity of X ′ into a finite set of terminal cyclic quotient singularities.
In this article we only need to compute the baskets for minimal
projective 3-folds with terminal cyclic quotient singularities, in this
case the Reid basket coincides with the set of singular points, where a
singular point of type 1
r
(1,−1, a) is simply denoted as (a, r) under no
circumstance of confusion.
2.5. Weighted projective spaces and weighted hypersurfaces.
We refer to [Dol82, IF00] for basic knowledge of weighted projective
spaces and weighted hypersurfaces.
Definition 2.5 ([IF00, 5.11, 6.10]). (1) A weighted projective space
P(a0, ..., an) is well-formed if gcd(a0, ..., aˆi, ..., an) = 1 for each i.
(2) A hypersurface Xd in P(a0, ..., an) of degree d is well-formed
if P (a0, ..., an) is well-formed and gcd(a0, ..., aˆi, ..., aˆj , ..., an) | d
for all distinct i, j.
Definition 2.6 ([Dol82, 3.1.5], [IF00, 6.1]). A hypersurfaceX ⊂ P(a0, ..., an)
is quasismooth if the corresponding affine cone of X in An+1 is smooth
outside the point O = (0, ..., 0).
For the quasismoothness of a general weighted hypersurface, we have
the following criterion.
Theorem 2.7 (cf. [IF00, Theorem 8.1]). Let n be a positive integer.
The general hypersurface Xd ⊂ P(a0, ..., an) of degree d is quasismooth
if and only if either of the following holds:
(1) there exists a variable xi of weight d for some i (that is, X is a
linear cone);
(2) for every nonempty subset I = {i0, ..., ik−1} of {0, ..., n}, either
(a) there exists a monomial xMI = x
m0
i0
. . . x
mk−1
ik−1
of degree d, or
8 M. Chen, C. Jiang, B. Li
(b) for µ = 1, ..., k, there exists monomials
x
Mµ
I xeµ = x
m0,µ
i0
. . . x
mk−1,µ
ik−1
xeµ
of degree d, where {eµ} are k distinct elements in {0, ..., n}.
Here mj , mj,µ may be 0.
2.6. Singularities on weighted hypersurfaces.
Singularities of a well-formed quasismooth weighted hypersurface can
be determined easily by looking at its defining equations. We refer to
[IF00, Sections 9-10] for the general method. Here we illustrate the
result on singularities of 3-dimensional hypersurfaces.
Proposition 2.8 (cf. [IF00, Sections 9-10]). Let Xd be a general well-
formed quasismooth 3-dimensional hypersurface in P(a0, ..., a4) of de-
gree d. Suppose that gcd(ai, aj, ak) = 1 for any distinct 0 ≤ i, j, k ≤ 4.
Then the singularities of Xd only arise along the edges and vertices
of P(a0, ..., a4). Denote P0, . . . , P4 to be the vertices. Then the set of
singularities of Xd is determined as follows:
(1) For a vertex Pi,
(1.i) if ai | d, then Pi 6∈ Xd;
(1.ii) if ai ∤ d, then there exists another index j such that ai |
d− aj, and Pi ∈ Xd is a cyclic quotient singularity of type
1
ai
(ak, al, am).
(2) For an edge PiPj (that is, PiPj \{Pi, Pj}, where PiPj is the line
passing through Pi and Pj), denote e = gcd(ai, aj),
(2.i) if e | d, then PiPj∩X consists of exactly ⌊
ed
aiaj
⌋ points, each
point is a cyclic quotient singularity of type 1
e
(ak, al, am);
(2.ii) if e ∤ d, then PiPj ⊂ X, and there exists another index
k such that e | d − ak, in this case, PiPj is analytically
isomorphic to C∗ × 1
e
(al, am), and each point on PiPj is a
cyclic quotient singularity of type 1
e
(0, al, am).
Here {i, j, k, l,m} is a reordering of {0, 1, 2, 3, 4}.
2.7. Weighted blow-ups of cyclic quotient singularities.
Weighted blow-ups of cyclic quotient singularities play important
roles in our construction of new examples. As cyclic quotient singu-
larities are toric, certain blow-ups can be constructed and computed
easily using toric geometry. We recall the following proposition from
[And18].
Proposition 2.9 (cf. [And18]). Let X be a normal variety of dimen-
sion n such that KX is Q-Cartier. Suppose that X has a cyclic quo-
tient singularity Q of type 1
r
(a1, a2, . . . , an), where a1 > 0, a2 > 0,· · · ,
an > 0, gcd(a1, a2, . . . , an) = 1. Then we can take a weighted blow-up
pi : Y → X, at Q with weight (a1, a2, . . . , an), which has the following
properties:
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(1) The exceptional divisor pi−1(Q) = E ∼= P(a1, a2, . . . , an).
(2) OY (E)|E ∼= OP(a1,a2,...,an)(−r).
(3) Locally over Q, Y is covered by n affine pieces of cyclic quotient
singularities of types 1
ai
(−a1, . . . , r, . . . ,−an), which is obtained
by replacing the i-th term of (−a1, . . . ,−an) with r for each i.
(4) KY = pi
∗(KX)−
r−
∑n
i=1 ai
r
E.
In particular, if X is projective and P(a1, a2, . . . , an) is well-formed,
then
KnY =
(
pi∗(KX)−
r −
∑n
i=1 ai
r
E
)n
= KnX −
(r −
∑n
i=1 ai)
n
r
∏n
i=1 ai
.
Proof. For Properties (1)∼(4), we refer to [And18, Section 2]. In fact,
everything can be treated locally using toric geometry. The last state-
ment is simply a direct consequence. 
3. The nefness criterion
In this section, we start by looking into a well-formed quasismooth
weighted hypersurface X with isolated singularities, among which only
one singular point, say P , is non-canonical. If we take a partial resolu-
tion, by means of a weighted blow-up at P ∈ X , to get the birational
morphism Y → X , Y would have milder singularities than X does.
A very natural question is whether KY is nef. If so, this will give us
an easy but new strategy for constructing minimal varieties. A key
observation of this section is Theorem 1.3 (which we call the “nefness
criterion”). As applications of Theorem 1.3, in the next section, we
construct 59 families of new minimal 3-folds of general type, in Ta-
ble 1, Table 2, Table 10, and Table 11, followed by infinite families of
minimal 3-folds of Kodaira dimension 2 (see Tables 4∼9). All these
minimal 3-folds can naturally evolve into higher dimensional minimal
varieties (see Section 6).
Proof of Theorem 1.3. Without loss of generality, after rearranging of
indices, we may assume that the assumptions hold for k = n. For each
j = 1, . . . , n − 1, let Hj ⊂ X be the effective Weil divisor defined by
xj = 0, denote L to be a Weil divisor corresponding to OX(1). Then
Hj ∼ bjL and KX ∼ αL.
Denote H ′j to be the strict transform of Hj on Y and E to be the
exceptional divisor of pi. Then
pi∗Hj = H
′
j +
ej
r
E.
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Denote tj =
αej−bj(r−
∑n
i=1 ei)
bjr
. Then tj ≥ 0 for each j = 1, . . . , n− 1 by
assumption. As KY = pi
∗KX −
r−
∑n
i=1 ei
r
E, we can see that
KY ∼Q
α
bj
H ′j + tjE (3.1)
for each j = 1, . . . , n− 1.
Assume, to the contrary, that KY is not nef. Then there exists a
curve C on Y such that (KY ·C) < 0. Note thatKY |E =
r−
∑n
i=1 ei
r
(−E)|E
is ample, hence C 6⊂ E. Therefore Equation (3.1) implies that C ⊂
∩n−1j=1H
′
j .
We claim that Supp(∩n−1j=1H
′
j) = C. It suffices to show that Supp(∩
n−1
j=1H
′
j)
is an irreducible curve. Note that pi(Supp(∩n−1j=1H
′
j)) = ∩
n−1
j=1Hj is a gen-
eral hypersurface of degree d in P(bn, bn+1, bn+2), hence pi(Supp(∩
n−1
j=1H
′
j))
is an irreducible curve by assumption. On the other hand, the support
of ∩n−1j=1H
′
j ∩ E is just the point [0 : · · · : 0 : 1] in E ≃ P(e1, . . . , en). So
Supp(∩n−1j=1H
′
j) is just the strict transform of pi(Supp(∩
n−1
j=1H
′
j)), which
is an irreducible curve.
Therefore, we can write (H ′1 · · · · · H
′
n−1) = tC for some t > 0 as
1-cycles. Then (KY ·C) < 0 implies that (KY ·H
′
1 · · · · ·H
′
n−1) < 0. On
the other hand,
(KY ·H
′
1 · · · · ·H
′
n−1)
= ((pi∗KX −
r −
∑n
i=1 ei
r
E) · (pi∗H1 −
e1
r
E) · · · · · (pi∗Hn−1 −
en−1
r
E))
= α(
n−1∏
j=1
bj)L
n + (−1)n
(r −
∑n
i=1 ei)
∏n−1
j=1 ej
rn
En
=
αd
bnbn+1bn+2
−
r −
∑n
i=1 ei
ren
≥ 0,
a contradiction.
Hence we conclude that KY is nef. The fact that ν(Y ) ≥ n − 1
follows from (Kn−1Y · E) > 0 as KY |E is ample. 
Remark 3.1. Here we mention a special but important case of Theo-
rem 1.3. If α = r −
∑n
i=1 ei, and there exists an index k ∈ {1, . . . , n}
such that bj = ej for each j ∈ {1, . . . , n} \ {k}, then condition (1)
in Theorem 1.3 automatically holds and, meanwhile, condition (2) is
equivalent to KnY ≥ 0.
It is natural to ask whether there exists a nefness criterion when
blowing up more than one non-canonical singularities on a weighted
hypersurface. Unfortunately, the situation will be more complicated.
Here we provide a theorem which handles two points case assuming
that the two points are “strongly” related to each other. We expect
that the next theorem has interesting applications.
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Theorem 3.2 (Nefness criterion II). Let Xd ⊂ P(b1, . . . , bn+2) be an
n-dimensional well-formed quasismooth general hypersurface of degree
d with α = d −
∑n+2
i=1 bi > 0, where b1, . . . , bn+2 are not necessarily
ordered by size. Denote by x1, . . . , xn+2 the homogenous coordinates of
P(b1, . . . , bn+2). Assume that X has 2 cyclic quotient singularities at
Q1 = (x1 = x2 = · · · = xn−1 = xn = 0) of type
1
r1
(e1, . . . , en−1, en) and
Q2 = (x1 = x2 = · · · = xn−1 = xn+1 = 0) of type
1
r2
(f1, . . . , fn−1, fn)
where e1, . . . , en > 0, gcd(e1, . . . , en) = 1,
∑n
i=1 ei < r1, f1, . . . , fn > 0,
gcd(f1, . . . , fn) = 1,
∑n
i=1 fi < r2. Assume further that x1, . . . , xn are
the local coordinates of Q1 corresponding to the weights
e1
r1
, . . . , en
r1
and
x1, . . . , xn−1, xn+1 are the local coordinates of Q2 corresponding to the
weights f1
r2
, . . . , fn
r2
. Take pi : Y → X to be the weighted blow-up at
Q1 and Q2 with weights (e1, . . . , en) and (f1, . . . , fn). Suppose that the
following conditions hold:
(1) αej ≥ bj(r1 −
∑n
i=1 ei) for each j ∈ {1, . . . , n− 1};
(2) αfj ≥ bj(r2 −
∑n
i=1 fi) for each j ∈ {1, . . . , n− 1};
(3) αd
bnbn+1bn+2
≥
r1−
∑n
i=1 ei
r1en
+
r2−
∑n
i=1 fi
r2fn
;
(4) a general hypersurface of degree d in P(bn, bn+1, bn+2) is irre-
ducible;
(5) P(e1, . . . , en) and P(f1, . . . , fn) are well-formed.
Then KY is nef and ν(Y ) ≥ n− 1.
Proof. For each j = 1, . . . , n − 1, let Hj ⊂ X be the effective Weil
divisor defined by xj = 0 and denote by L a Weil divisor corresponding
to OX(1). Then Hj ∼ bjL and KX ∼ αL. Denote by H
′
j the strict
transform of Hj on Y and by E1, E2 the exceptional divisors of pi over
Q1, Q2. Then
pi∗Hj = H
′
j +
ej
r1
E1 +
fj
r2
E2.
Set tj =
αej−bj(r1−
∑n
i=1 ei)
bjr1
and sj =
αfj−bj(r2−
∑n
i=1 fi)
bjr2
. Then, for each
j = 1, . . . , n− 1, tj ≥ 0 and sj ≥ 0 by assumption. As KY = pi
∗KX −
r1−
∑n
i=1 ei
r1
E1 −
r2−
∑n
i=1 fi
r2
E2, we can see that
KY ∼Q
α
bj
H ′j + tjE1 + sjE2 (3.2)
for each j = 1, . . . , n− 1.
Assume, to the contrary, that KY is not nef. Then there exists a
curve C on Y such that (KY ·C) < 0. Note thatKY |E1 =
r1−
∑n
i=1 ei
r1
(−E1)|E1
and KY |E2 =
r2−
∑n
i=1 fi
r2
(−E2)|E2 are ample, hence C 6⊂ E1∪E2. There-
fore Equation (3.2) implies that C ⊂ ∩n−1j=1H
′
j.
We claim that Supp(∩n−1j=1H
′
j) = C. It suffices to show that Supp(∩
n−1
j=1H
′
j)
is an irreducible curve. Note that pi(Supp(∩n−1j=1H
′
j)) = ∩
n−1
j=1Hj is a gen-
eral hypersurface of degree d in P(bn, bn+1, bn+2), hence pi(Supp(∩
n−1
j=1H
′
j))
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is an irreducible curve by assumption. On the other hand, the support
of ∩n−1j=1H
′
j ∩ E1 is just the point [0 : · · · : 0 : 1] in E1 ≃ P(e1, . . . , en)
and the support of ∩n−1j=1H
′
j ∩ E2 is just the point [0 : · · · : 0 : 1] in
E2 ≃ P(f1, . . . , fn). So Supp(∩
n−1
j=1H
′
j) is just the strict transform of
pi(Supp(∩n−1j=1H
′
j)), which is an irreducible curve.
Therefore, we can write (H ′1 · · · · · H
′
n−1) = tC for some t > 0 as
1-cycles. Then (KY ·C) < 0 implies that (KY ·H
′
1 · · · · ·H
′
n−1) < 0. On
the other hand,
(KY ·H
′
1 · · · · ·H
′
n−1)
=
(
(pi∗KX −
r1 −
∑n
i=1 ei
r1
E1 −
r2 −
∑n
i=1 fi
r2
E2) · (pi
∗H1 −
e1
r1
E1 −
f1
r2
E2)
· · · · · (pi∗Hn−1 −
en−1
r1
E1 −
fn−1
r2
E2)
)
= α(
n−1∏
j=1
bj)L
n + (−1)n
(r1 −
∑n
i=1 ei)
∏n−1
j=1 ej
rn1
En1 + (−1)
n
(r2 −
∑n
i=1 fi)
∏n−1
j=1 fj
rn2
En2
=
αd
bnbn+1bn+2
−
r1 −
∑n
i=1 ei
r1en
−
r2 −
∑n
i=1 fi
r2fn
≥ 0,
a contradiction.
Hence we conclude that KY is nef. The fact that ν(Y ) ≥ n − 1
follows from (Kn−1Y · E1) > 0 as KY |E1 is ample. 
As the last part of this section, we provide several lemmas which are
helpful for applying Theorem 1.3 and for computing the invariants of
resulting minimal models.
For verifying condition (3) of Theorem 1.3, we need to check the
irreducibility of a general curve in a weighted projective plane, which
can be done using the following lemma.
Lemma 3.3. Let C be a general hypersurface of degree d in the well-
formed space P(a, b, c). Suppose that, in the weighted polynomial ring
C[x, y, z] with weight x = a, weight y = b and weight z = c,
(1) there are at least two monomials of degree d;
(2) all monomials of degree d have no common divisor;
(3) the set of monomials of degree d cannot be written as {gi1g
k−i
2 |
i = 0, 1, . . . , k} for some integer k > 1, where k divides d and
g1, g2 are two monomials of degree
d
k
.
Then C is irreducible.
Proof. Note that C is a general member of the linear system |O(d)|.
By the first two conditions, |O(d)| has no base component. Suppose,
to the contrary, that C is reducible. Then h0(O(d)) ≥ 3 and |O(d)|
is composed with a pencil. Suppose that |O(d′)| is the correspond-
ing irreducible pencil for some positive integer d′, then d = d′k for
some integer k > 1. Moreover, H0(P(a, b, c),O(d′)) is spanned by two
monomials g1, g2 of degree d
′, which implies that H0(P(a, b, c),O(d)) is
spanned by {gi1g
k−i
2 | i = 0, 1, . . . , k}, a contradiction. 
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Remark 3.4. It can be instantly checked that condition (3) of Lemma 3.3
holds in each of the following cases:
(3.i) There exist 3 monomials of degree d of forms xm1yn1, ym2zn2 ,
xm3zn3 , where mi, ni are positive integers for i = 1, 2, 3.
(3.ii) There exist 2 monomials of degree d of forms xm1 , ym2zm3 , such
that gcd(m1, m2, m3) = 1, where mi is a non-negative integer
for i = 1, 2, 3.
Remark 3.5. The readers should be warned that when applying Theo-
rem 1.3, P(bk, bn+1, bn+2) may not be well-formed, that is, bk, bn+1, bn+2
may not be coprime to each other. In this case, to apply Lemma 3.3,
we should firstly make it well-formed by dividing out common factors.
Such a procedure will be illustrated in Example 4.8.
The next lemma concerns the change of Picard numbers under a
crepant blow-up of a canonical cyclic quotient singularity.
Lemma 3.6. Let (X,P ) be a germ of n-fold cyclic quotient canonical
singularity of type 1
r
(a1, . . . , an). Then there is a terminalzation X
′ →
(X,P ) such that
ρ(X ′)− ρ(X) = #{m ∈ Z |
n∑
i=1
{mai
r
}
= 1, 1 ≤ m ≤ r − 1}.
Proof. This can be seen by toric geometry. Recall the notation in
Subsection 2.3. Let M ≃ Zn and N its dual. Define N by N =
N+Z·1
r
(a1, . . . , an) andM ⊂M the dual sublattice. Let σ = R
n
≥0 ⊂ NR
be the positive quadrant and σ∨ ⊂MR the dual quadrant. Then
X = Spec C[M ∩ σ∨] = TN(∆),
where ∆ is the fan corresponding to σ. Consider the set of lattice
points
S = {(x1, . . . , xn) ∈ N ∩ σ |
n∑
i=1
xi = 1}
= {(
{ma1
r
}
, . . . ,
{man
r
}
) |
n∑
i=1
{mai
r
}
= 1, 1 ≤ m ≤ r − 1}.
Take σ(S) to be any subdivision of σ by S into simplicial cones, and
take ∆(S) to be the corresponding fan. Then it can be checked by
Lemma 2.4 that X ′ = TN(∆(S)) is the required terminalization, and
ρ(X ′)− ρ(X) = #S. 
Example 3.7. We illustrate Lemma 3.6 by the following examples in
dimension 3.
(1) If X is of type 1
r
(1, 1, r − 2) with r odd, then
S = {
1
r
(m,m, r − 2m) | 1 ≤ m ≤ ⌊
r
2
⌋}.
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We can take σ(S) to be the subdivision of σ = cone(e1, e2, e3)
into cone(e1, e2, e⌊ r
2
⌋+3), cone(e1, em, em+1), and cone(e2, em, em+1)
for m = 3, . . . , ⌊ r
2
⌋ + 2, where e1 = (1, 0, 0), e2 = (0, 1, 0),
e3 = (0, 0, 1) and, for m > 3, em =
1
r
(m− 3, m− 3, r− 2m+6).
It is easy to check that the resulting X ′ is smooth and ρ(X ′)−
ρ(X) = ⌊r/2⌋.
(2) If X is of type 1
7
(1, 2, 4), then
S = {
1
7
(1, 2, 4),
1
7
(2, 4, 1),
1
7
(4, 1, 2)}.
We can take σ(S) to be the subdivision of σ = cone(e1, e2, e3)
into cone(e1, e5, e6), cone(e1, e2, e5), cone(e2, e4, e5), cone(e2, e3, e4),
cone(e3, e4, e6), cone(e1, e3, e6), cone(e4, e5, e6). Here e1 = (1, 0, 0),
e2 = (0, 1, 0), e3 = (0, 0, 1), e4 =
1
7
(1, 2, 4), e5 =
1
7
(2, 4, 1),
e6 =
1
7
(4, 1, 2). It is easy to check that the resulting X ′ is
smooth and ρ(X ′)− ρ(X) = 3.
(3) IfX is of type 1
4
(1, 2, 3), then S = {1
2
(1, 0, 1)}.We can take σ(S)
to be the subdivision of σ = cone(e1, e2, e3) into cone(e1, e2, e4),
cone(e2, e3, e4). Here e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1),
e4 =
1
2
(1, 0, 1). It is easy to check that the resulting X ′ has 2
cyclic quotient singularities of type 1
2
(1, 1, 1) and ρ(X ′)−ρ(X) =
1.
4. Applications of the nefness criterion in constructing
minimal varieties
4.1. General construction.
In practice, by applying Theorem 1.3, it is possible to search nu-
merous minimal varieties by a computer program. The effectivity may
follow from the following steps:
Pick up a general weighted hypersurface of dimension n,
say
X = Xnd ⊂ P(a0, a1, ..., an+1).
Step 0. Check that X is well-formed and quasismooth by
Definition 2.5 and Theorem 2.7;
Step 1. Compute singularities of X and check that X has
a unique non-canonical singularity Q by Proposi-
tion 2.8.
Step 2. Verify that X and Q satisfy the conditions of Theo-
rem 1.3 using Lemma 3.3, thus one obtains a weighted
blow-up f : X˜ → X at Q such that KX˜ is nef;
Step 3. Compute singularities of X˜ and check that X˜ has
only canonical singularities by Proposition 2.9;
Step 4. Take a terminalization g : X̂ → X˜ by Lemma 3.6.
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In the end, if X passes through all above steps, then
the resulting X̂ is a minimal projective n-fold with Q-
factorial terminal singularities.
4.2. Examples of minimal 3-folds of general type with canoni-
cal volume less than 1.
Aiming at finding minimal 3-folds with canonical volume less than 1,
we take a general weighted hypersurfaces, sayX = Xd ⊂ P(a0, a1, ..., a4)
with 1 ≤ α = d −
∑4
i=0 ai ≤ 10 and 10 ≤ d ≤ 100, and apply Con-
struction 4.1. This will output at least 46 families of minimal 3-folds of
general type, which are listed in Table 1 and Table 2. Table 1 consists
of those X with only isolated singularities, while Table 2 consists of
those X with non-isolated singularities.
Here we explain the contents of the tables: each row contains a well-
formed quasismooth general hypersurface X = Xd ⊂ P(a0, a1, ..., a4).
The columns of the tables contain the following information:
α: The amplitude of X , i.e., α = d−
∑
ai;
deg: The degree of X , which is d;
weight: Weights of P(a0, a1, a2, a3, a4);
B-weight: 1
r
(e1, e2, e3), the unique non-canonical singularity in X ,
to which we apply Theorem 1.3;
Vol: the canonical volume of X̂, i.e., K3
X̂
;
P2: h
0(X̂, 2KX̂);
χ: The holomorphic Euler characteristic of O
X̂
;
ρ: The Picard number of X̂ ;
basket: The Reid basket of X̂ .
Here Vol(X) = K3
X̂
can be computed by Proposition 2.9. Note that
Proposition 2.9 implies that KX˜ +
r−e1−e2−e3
r
E = f ∗KX . In all listed
examples, since 2(e1 + e2 + e3) > r, we see that, for m = 1, 2,
h0(X̂,mKX̂) = h
0(X˜,mKX˜) = h
0(X˜, ⌊mf ∗(KX)⌋) = h
0(X,mKX)
where the last item can be computed on X by counting the number of
monomials of degree mα. Besides, we have
χ(O
X̂
) = χ(OX) = 1− h
0(X,KX)
by [Dol82, Theorem 3.2.4(iii)]. By virtue of Proposition 2.8, any sin-
gularity of X̂ lies over a vertex Pi ∈ X or over some point on PiPj ∩X
for some i and j. Hence ρ(X̂) and the basket BX̂ can be computed
using Proposition 2.8, Proposition 2.9, Lemma 3.6, and Example 3.7.
All examples in Table 1 and Table 2 have been manually verified. In
fact, this is not a hard work at all (see examples following the tables).
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Table 1: Minimal 3-folds of general type, I
No. α deg weight B-weight Vol P2 χ ρ basket
1 1 12 (1, 1, 2, 2, 5) 1
5
(1, 1, 2) 1
2
5 -1 2 7× (1, 2)
2 1 13 (1, 1, 2, 3, 5) 1
5
(1, 1, 2) 1
3
4 -1 2 2× (1, 2), (1, 3)
3 1 15 (1, 1, 2, 3, 7) 1
7
(1, 2, 3) 1
3
4 -1 2 2× (1, 2), (1, 3)
4 1 16 (1, 2, 2, 3, 7) 1
7
(1, 2, 3) 1
6
3 0 2 2× (1, 3), 9× (1, 2)
5 1 18 (1, 2, 3, 4, 7) 1
7
(1, 2, 3) 1
12
2 0 2 (1, 4), (1, 3), 5× (1, 2)
6 1 26 (2, 3, 4, 5, 11) 1
11
(2, 3, 5) 1
60
1 1 2 2×(1, 3), (1, 4), 2×(2, 5), 7×(1, 2)
7 1 28 (2, 3, 4, 5, 13) 1
13
(3, 4, 5) 1
60
1 1 2 2×(1, 3), 2×(2, 5), (1, 4), 7×(1, 2)
8 1 33 (3, 4, 5, 7, 13) 1
13
(3, 4, 5) 1
210
0 1 2 2× (1, 4), 2× (2, 5), (2, 7), (1, 3)
9 2 35 (1, 3, 5, 7, 17) 1
17
(3, 5, 7) 16
105
2 0 2 2× (1, 3), (3, 7), (1, 5)
10 3 28 (2, 2, 3, 5, 13) 1
13
(2, 3, 5) 9
10
5 0 4 2× (1, 5), 15× (1, 2)
11 3 30 (2, 3, 4, 5, 13) 1
13
(2, 3, 5) 9
20
3 0 3 (1, 4), (1, 5), 8× (1, 2)
12 3 33 (1, 4, 5, 7, 13) 1
13
(1, 4, 5) 27
70
3 0 2 2× (1, 4), 2× (2, 5), (3, 7)
13 3 35 (1, 2, 5, 7, 17) 1
17
(2, 5, 7) 27
35
5 -1 2 2× (1, 2), (2, 7), (1, 5)
14 3 35 (1, 4, 5, 7, 15) 1
15
(1, 4, 7) 27
70
3 0 2 2× (1, 4), (3, 7), 2× (2, 5)
15 3 36 (1, 4, 6, 7, 15) 1
15
(1, 4, 7) 9
28
3 0 3 2× (3, 7), (1, 4), 3× (1, 2)
16 3 40 (2, 3, 5, 7, 20) 1
7
(3, 1, 2) 7
30
2 0 3 3× (1, 2), (1, 3), 2× (1, 5)
17 3 40 (2, 4, 5, 7, 19) 1
19
(4, 5, 7) 27
140
2 1 2 2× (2, 7), (2, 5), (1, 4), 10× (1, 2)
18 3 42 (2, 5, 7, 8, 17) 1
17
(2, 5, 7) 27
280
1 1 2 2× (1, 5), (3, 8), (2, 7), 6× (1, 2)
19 4 40 (2, 3, 5, 7, 19) 1
19
(3, 5, 7) 64
105
3 0 2 2× (1, 3), 2× (2, 7), (2, 5)
20 4 49 (3, 5, 7, 11, 19) 1
19
(3, 5, 7) 128
1155
1 1 2 2× (1, 3), 2× (2, 5), (5, 11), (2, 7)
21 5 42 (2, 3, 7, 8, 17) 1
17
(2, 3, 7) 125
168
4 0 2 (3, 8), (3, 7), (1, 3), 6× (1, 2)
22 5 42 (2, 4, 5, 7, 19) 1
19
(2, 5, 7) 25
28
4 0 6 (1, 4), (1, 7), 11× (1, 2)
23 5 48 (2, 7, 9, 12, 13) 1
13
(3, 4, 5) 383
1260
1 1 2 (1, 7), (2, 9), (2, 5), (1, 4), 2 ×
(1, 3), 4× (1, 2)
24 5 60 (2, 5, 7, 11, 30) 1
11
(3, 5, 1) 29
105
2 0 6 (1, 7), (2, 5), (1, 3), 2× (1, 2)
25 7 60 (4, 5, 6, 11, 27) 1
27
(4, 5, 11) 343
660
2 1 2 2 × (3, 11), (2, 5), (1, 4), 5 ×
(1, 2), (1, 3)
26 7 70 (2, 7, 9, 10, 35) 1
5
(1, 1, 2) 4
9
3 0 8 (2, 9), 8× (1, 2)
27 7 70 (3, 5, 7, 13, 35) 1
13
(5, 3, 2) 13
30
2 0 9 (1, 3), (1, 2), 3× (1, 5)
28 9 60 (3, 5, 11, 12, 20) 1
11
(1, 4, 3) 9
10
3 0 8 2× (1, 4), 3× (2, 5)
29 9 60 (5, 7, 11, 12, 16) 1
11
(2, 5, 3) 989
1680
1 1 2 (1, 7), (1, 3), (2, 5), (1, 2), (5, 16),
(1, 4)
30 9 90 (2, 5, 11, 18, 45) 1
11
(3, 2, 5) 11
15
4 0 6 3× (2, 5), 6× (1, 2), (1, 3)
31 10 60 (5, 7, 11, 12, 15) 1
7
(1, 1, 3) 16
33
2 0 10 2× (1, 3), (3, 11)
Table 2: Minimal 3-folds of general type, II
No. α deg weight B-weight Vol P2 χ basket
1 2 21 (1, 2, 3, 5, 8) 1
8
(1, 2, 3) 8
15
4 -1 (1, 5), (1, 3)
2 2 21 (1, 2, 4, 5, 7) 1
5
(1, 2, 1) 1
2
4 -1 3× (1, 2)
3 2 25 (1, 3, 4, 5, 10) 1
10
(1, 3, 4) 4
15
3 0 2× (1, 3), 4× (1, 2), 2× (2, 5)
4 2 29 (1, 3, 4, 5, 14) 1
14
(3, 4, 5) 4
15
3 0 2× (1, 3), 4× (1, 2), 2× (2, 5)
5 2 35 (3, 4, 5, 7, 14) 1
14
(3, 4, 5) 4
105
1 1 2×(1, 3), 4×(1, 2), (2, 5), 2×(3, 7)
6 3 26 (2, 3, 5, 6, 7) 1
7
(3, 1, 2) 8
15
3 0 (1, 5), 8× (1, 2), (1, 3)
7 3 28 (1, 3, 4, 6, 11) 1
11
(1, 3, 4) 3
4
5 -1 5× (1, 2), (1, 4)
8 3 32 (2, 3, 3, 5, 16) 1
5
(1, 1, 2) 1
2
4 -1 3× (1, 2)
9 4 35 (2, 3, 5, 7, 14) 1
14
(2, 3, 5) 64
105
3 0 2× (1, 3), (2, 5), 2× (2, 7)
10 4 37 (2, 3, 5, 7, 16) 1
16
(2, 3, 7) 64
105
3 0 2× (1, 3), (2, 5), 2× (2, 7)
11 6 51 (2, 7, 8, 11, 17) 1
11
(1, 4, 3) 9
28
2 0 (2, 7), 3× (1, 4)
12 6 55 (3, 4, 5, 11, 26) 1
26
(4, 5, 11) 36
55
3 0 4× (1, 2), (4, 11), (1, 5)
13 8 65 (2, 5, 9, 13, 28) 1
28
(2, 5, 13) 512
585
3 0 (2, 9), (4, 13), (1, 5)
14 9 62 (5, 6, 7, 8, 27) 1
27
(5, 6, 7) 243
280
3 1 2×(2, 5), 8×(1, 2), 2×(2, 7), (3, 8)
15 9 70 (5, 6, 7, 16, 27) 1
27
(5, 6, 7) 243
560
2 1 7× (1, 2), (5, 16), (2, 7), (2, 5)
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Taking a couple of typical examples as follows, we illustrate on how
to do the manual verification.
Example 4.1 (Table 1, No. 8). Consider the general hypersurface
X = X33 ⊂ P(3, 4, 5, 7, 13),
which is clearly well-formed and quasismooth by Definition 2.5 and
Proposition 2.8. One also knows that α = 1, pg = 0, P2 = 0, and
χ(OX) = 1. The set of singularities of X is
Sing(X) = {
1
4
(3, 3, 1),
1
5
(3, 4, 1),
1
7
(6, 1, 5), Q =
1
13
(3, 4, 5)},
where the first 3 singularities are terminal, while the last one is non-
canonical.
For applying Theorem 1.3, we take
(b1, b2, b3, b4, b5) = (3, 4, 5, 7, 13),
(e1, e2, e3) = (3, 4, 5),
r = 13, and k = 1. Conditions (1), (2), (4) follow from direct compu-
tations (or Remark 3.1). Condition (3) means to check that a general
curve C33 ⊂ P(3, 7, 13) is irreducible, which follows immediately from
Lemma 3.3 and Remark 3.4.
So by Theorem 1.3, we can take a weighted blow-up f : X˜ → X at
the point Q with weight (3, 4, 5) such that K
X˜
is nef. On the excep-
tional divisor E there are 3 new singularities:
1
3
(2, 1, 2),
1
4
(3, 3, 1),
1
5
(3, 4, 2),
all of which are terminal. Hence X˜ is a minimal 3-fold and X̂ = X˜ . Ap-
plying the volume formula for weighted blow-ups (cf. Proposition 2.9),
we get Vol(X̂) = K3
X˜
= 1
210
. Since ρ(X) = 1 by [Dol82, Theorem
3.2.4(i)], after one weighted blow-up the Picard number becomes 2.
Finally, we collect the singularities of X̂ and obtain the Reid basket
BX̂ = {(1, 3), 2× (1, 4), 2× (2, 5), (2, 7)}.

Example 4.2 (Table 1, No. 27). Consider the general hypersurface
X = X70 ⊂ P(3, 5, 7, 13, 35),
which is well-formed and quasismooth by Definition 2.5 and Proposi-
tion 2.8. It is clear that α = 7, P2 = 2 and χ(OX) = 0. Moreover
Sing(X) = {
1
3
(2, 1, 2), 2×
1
5
(1, 4, 1), 2×
1
7
(1, 4, 2), Q =
1
13
(5, 3, 2)}.
Take (b1, ..., b5) = (3, 7, 35, 5, 13), (e1, e2, e3) = (5, 3, 2), r = 13, and
k = 3. One can check that the conditions of Theorem 1.3 are satisfied
and hence, after a weighted blow-up with weight (5, 3, 2) at Q, we get
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f : X˜ → X so that KX˜ is nef and K
3
X˜
= 13
30
. By Proposition 2.9, we
see that
Sing(X˜) = {
1
2
(1, 1, 1),
1
3
(2, 1, 2), 3×
1
5
(1, 4, 1), 2×
1
7
(1, 4, 2),
1
3
(1, 1, 1)}.
These are all canonical singularities, among which three are non-terminal:
{2×
1
7
(1, 2, 4),
1
3
(1, 1, 1)}.
By Lemma 3.6 and Example 3.7, there exists a terminalization g : X̂ →
X˜ such that
B
X̂
= B
X˜
= {(1, 2), (1, 3), 3× (1, 5)}
and ρ(X̂) = ρ(X˜)+ ⌊3/2⌋+2× 3 = 9. Since g is crepant, K3
X̂
= K3
X˜
=
13
30
. 
Remark 4.3. Note that all examples found by Iano-Fletcher [IF00] are
of Picard number 1 by [Dol82, Theorem 3.2.4(i)], whereas ours are of
Picard number at least 2, so our examples are birationally different from
those of Iano-Fletcher, as birationally equivalent minimal varieties have
the same Picard number ([KM98, Theorem 3.52(2)]). On the other
hand, most of our examples have different deformation invariants (e.g.,
Vol(X̂), P2, or basket) from those of Iano-Fletcher’s, except for Table 1,
No. 1-8 and Table 2, No. 2 & 10, of which the invariants coincide with
those of certain example in [IF00, Table 3]. Probably the two 3-folds
in each of these counterparts are mutually deformation equivalent.
4.3. Examples of minimal 3-folds of Kodaira dimension 2.
As a direct consequence of Theorem 1.3, we can construct infinite
series of minimal 3-folds of Kodaira dimension 2.
Lemma 4.4. Let Xd ⊂ P(b1, b2, b3, b4, b5) be a 3-dimensional well-
formed quasismooth general hypersurface of degree d with α = d −∑5
i=1 bi > 0 where b1, . . . , b5 are not necessarily ordered by size. Denote
by x1, x2, x3, x4, x5 the homogenous coordinates of P(b1, b2, b3, b4, b5).
Suppose that X has a cyclic quotient singularity at the point Q = (x1 =
x2 = x3 = 0) of type
1
r
(e1, e2, e3) where positive integers e1, e2, e3
are coprime to each other,
∑3
i=1 ei < r and x1, x2, x3 are the local
coordinates of Q corresponding to the weights e1
r
, e2
r
, e3
r
respectively.
Let pi : Y → X be the weighted blow-up at Q with weight (e1, e2, e3).
Assume that {d, (bi)
5
i=1, (ei)
3
i=1} belongs to one of the cases listed in
Table 3:
Table 3:
d (b1, b2, b3, b4, b5) (e1, e2, e3)
6r (a, b, c, 2r, 3r) (a, b, c)
3r + 3k (a, b, r + k, 3k, r) (a, b, k)
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4r + 2k (a, b, 2r + k, 2k, r) (a, b, k)
Then KY is nef and ν(Y ) = 2.
Proof. We check that conditions in Theorem 1.3 hold for k = 3. Con-
dition (1) in Theorem 1.3 holds since α = d−
∑5
i=1 bi = r−e1−e2−e3,
b1 = e1 and b2 = e2. Condition (2) in Theorem 1.3 holds since
dre3 = b3b4b5. One may check that condition (3) in Theorem 1.3 holds
by Lemma 3.3 and Remark 3.4. Condition (4) in Theorem 1.3 holds
since e1, e2, e3 are coprime to each other. HenceKY is nef and ν(Y ) ≥ 2
by Theorem 1.3. Note that by Proposition 2.9,
K3Y =
dα3
b1b2b3b4b5
−
(r − e1 − e2 − e3)
3
re1e2e3
= 0.
Hence ν(Y ) = 2. 
In particular, we have the following examples.
Theorem 4.5. There are examples of infinite series of families of mini-
mal 3-folds of Kodaira dimension 2 by Construction 4.1 and Lemma 4.4
as the following:
(1) examples obtained from X6r ⊂ P(a, b, c, 2r, 3r) with a, b, c ≤ 6
are listed in Table 4;
(2) examples obtained from X3r+3 ⊂ P(a, b, r+ 1, 3, r) with a, b ≤ 7
are listed in Table 5;
(3) examples obtained from X3r+6 ⊂ P(a, b, r+ 2, 6, r) with a, b ≤ 5
are listed in Table 6;
(4) examples obtained from X4r+2 ⊂ P(a, b, 2r+1, 2, r) with a, b ≤ 9
are listed in Table 7;
(5) examples obtained from X4r+4 ⊂ P(a, b, 2r+2, 4, r) with a, b ≤ 5
are listed in Table 8;
(6) examples obtained from X4r+6 ⊂ P(a, b, 2r+3, 6, r) with a, b ≤ 5
are listed in Table 9.
Here we consider general hypersurfaces with only isolated singulari-
ties. Several explicit examples with invariants computed are listed in
Table 14, Appendix A.
Proof. For a hypersurface Xd ⊂ P(b1, b2, b3, b4, b5) listed in Lemma 4.4,
to apply Construction 4.1, it suffices to check that
(1) X is well-formed and quasismooth,
(2) X has only one non-canonical singularity Q, and
(3) after a weighted blow-up at Q, X˜ has only canonical singulari-
ties.
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These can be verified manually as long as we put certain conditions on
r. Here we only illustrate the procedure by 2 examples, while other se-
ries can be verified in a similar way. Here mod(r, k) means the smallest
non-negative residue of r modulo k.
Consider the general hypersurface X = X6r ⊂ P(3, 4, 5, 2r, 3r) (Ta-
ble 4, No. 14). Note that X is well-formed if and only if gcd(r, 2) =
gcd(r, 3) = gcd(r, 5) = 1. Also X is quasismooth if and only if 5 di-
vides one of {6r − 3, 6r − 4, r}. Therefore, X is both well-formed and
quasismooth if and only if gcd(r, 2) = gcd(r, 3) = 1, mod(r, 5) ∈ {3, 4}.
On the other hand, α = r − 12. So a necessary condition for X sat-
isfying Construction 4.1 is that r > 12, gcd(r, 2) = gcd(r, 3) = 1,
mod(r, 5) ∈ {3, 4}. Then we can show that this is actually a sufficient
condition by computing singularities. In fact, when mod(r, 5) = 3,
Sing(X) = {
1
4
(3, 1, 3r),
1
5
(4, 1, 4),
1
2
(1, 1, 1), Q =
1
r
(3, 4, 5)}
which has only one non-canonical singularity Q, and after a weighted
blow-up at Q with weight (3, 4, 5), Q is replaced by 3 terminal cyclic
singularities of types
{
1
3
(r, 2, 1),
1
4
(1, r, 3),
1
5
(2, 1, 3)}.
Similarly, when mod(r, 5) = 4,
Sing(X) = {
1
4
(3, 1, 3r),
1
5
(3, 3, 2),
1
2
(1, 1, 1), Q =
1
r
(3, 4, 5)}
which has only one non-canonical singularity Q, and after a weighted
blow-up at Q with weight (3, 4, 5), Q is replaced by 3 terminal cyclic
singularities of types
{
1
3
(r, 2, 1),
1
4
(1, r, 3),
1
5
(2, 1, 4)}.
Consider another general hypersurface X = X3r+3 ⊂ P(5, 7, r +
1, 3, r) (Table 5, No. 15). Note that X is always well-formed. Also
X is quasismooth if and only if 5 divides one of {r+1, 3r−4, r, 2r+3}
and 7 divides one of {3r − 2, r + 1, r, 2r + 3}. Therefore, X is both
well-formed and quasismooth if and only if mod(r, 5) ∈ {0, 1, 3, 4} and
mod(r, 7) ∈ {0, 2, 3, 6}. As we require that X has only isolated singu-
larities, we have mod(r, 5) 6= 0 and mod(r, 7) 6= 0. Note that X has a
non-canonical singularity Q = 1
r
(5, 7, 1) and after a weighted blow-up
at Q with weight (5, 7, 1), Q is replaced by 2 cyclic singularities of types
{
1
5
(r, 3, 4),
1
7
(2, r, 6)}.
These two singularities are not both canonical if mod(r, 5) = 4 or
mod(r, 7) ∈ {2, 3}. On the other hand, α = r − 13. So a necessary
condition for X satisfying Construction 4.1 is that r > 13, mod(r, 5) ∈
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{1, 3}, mod(r, 7) = 6. Then we can show that this is actually a sufficient
condition by computing singularities. In fact, when mod(r, 5) = 1,
Sing(X) = {
1
5
(2, 2, 3),
1
7
(5, 3, 6), Q =
1
r
(5, 7, 1)}
which has only one non-canonical singularity Q, and after a weighted
blow-up at Q with weight (5, 7, 1), Q is replaced by 2 canonical cyclic
singularities of types
{
1
5
(1, 3, 4),
1
7
(2, 6, 6)}.
Similarly, when mod(r, 5) = 3,
Sing(X) = {
1
5
(4, 3, 3),
1
7
(5, 3, 6), Q =
1
r
(5, 7, 1)}
which has only one non-canonical singularity Q, and after a weighted
blow-up at Q with weight (3, 4, 5), Q is replaced by 2 canonical cyclic
singularities of types
{
1
5
(3, 3, 4),
1
7
(2, 6, 6)}.

The description of the contents of the following tables is as follows.
Each row contains a well-formed quasismooth hypersurface X = Xd ⊂
P(b1, b2, ..., a5). The columns of each table contain the following infor-
mation:
α: The amplitude of X , i.e., d−
∑
ai;
deg: The degree of X , which is d;
weight: (b1, b2, b3, b4, b5);
B-weight: 1
r
(e1, e2, e3), the unique non-canonical singularity to be
blown up by applying Theorem 1.3;
conditions: Restrictions on r, where mod(r, k) means the smallest
non-negative residue of r modulo k.
Table 4: Type X6r ⊂ P(a, b, c, 2r, 3r)
No. α deg weight B-weight conditions
1 r − 3 6r (1, 1, 1, 2r, 3r) 1
r
(1, 1, 1) r > 3
2 r − 4 6r (1, 1, 2, 2r, 3r) 1
r
(1, 1, 2) r > 4, mod(r, 2) 6= 0
3 r − 5 6r (1, 1, 3, 2r, 3r) 1
r
(1, 1, 3) r > 5, mod(r, 3) 6= 0
4 r − 6 6r (1, 1, 4, 2r, 3r) 1
r
(1, 1, 4) r > 6, mod(r, 4) = 1
5 r − 7 6r (1, 1, 5, 2r, 3r) 1
r
(1, 1, 5) r > 7, mod(r, 5) = 1
6 r − 8 6r (1, 1, 6, 2r, 3r) 1
r
(1, 1, 6) r > 8, mod(r, 2) 6= 0, mod(r, 3) 6= 0
7 r − 6 6r (1, 2, 3, 2r, 3r) 1
r
(1, 2, 3) r > 6, mod(r, 2) 6= 0, mod(r, 3) 6= 0
8 r − 8 6r (1, 2, 5, 2r, 3r) 1
r
(1, 2, 5) r > 8, mod(r, 5) ∈ {1, 2}
9 r − 8 6r (1, 3, 4, 2r, 3r) 1
r
(1, 3, 4) r > 8, mod(r, 3) 6= 0, mod(r, 4) 6= 0
10 r − 9 6r (1, 3, 5, 2r, 3r) 1
r
(1, 3, 5) r > 9, mod(r, 3) 6= 0, mod(r, 5) ∈
{1, 3}
Continued on next page
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Table 4 – continued from previous page
No. α deg weight B-weight conditions
11 r − 10 6r (1, 4, 5, 2r, 3r) 1
r
(1, 4, 5) r > 10, mod(r, 4) = 1, mod(r, 5) ∈
{1, 4}
12 r − 12 6r (1, 5, 6, 2r, 3r) 1
r
(1, 5, 6) r > 12, mod(r, 2) 6= 0, mod(r, 3) 6= 0,
mod(r, 5) = 1
13 r − 10 6r (2, 3, 5, 2r, 3r) 1
r
(2, 3, 5) r > 10, mod(r, 2) 6= 0, mod(r, 3) 6= 0,
mod(r, 5) ∈ {2, 3}
14 r − 12 6r (3, 4, 5, 2r, 3r) 1
r
(3, 4, 5) r > 12, mod(r, 2) 6= 0, mod(r, 3) 6= 0,
mod(r, 5) ∈ {3, 4}
Table 5: Type X3r+3 ⊂ P(a, b, r + 1, 3, r)
No. α deg weight B-weight conditions
1 r − 3 3r + 3 (1, 1, r + 1, 3, r) 1
r
(1, 1, 1) r > 3
2 r − 4 3r + 3 (1, 2, r + 1, 3, r) 1
r
(1, 2, 1) r > 4, mod(r, 2) 6= 0
3 r − 5 3r + 3 (1, 3, r + 1, 3, r) 1
r
(1, 3, 1) r > 5, mod(r, 3) = 1
4 r − 6 3r + 3 (1, 4, r + 1, 3, r) 1
r
(1, 4, 1) r > 6, mod(r, 4) = 1
5 r − 7 3r + 3 (1, 5, r + 1, 3, r) 1
r
(1, 5, 1) r > 7, mod(r, 5) = 1
6 r − 8 3r + 3 (1, 6, r + 1, 3, r) 1
r
(1, 6, 1) r > 8, mod(r, 6) = 1
7 r − 9 3r + 3 (1, 7, r + 1, 3, r) 1
r
(1, 7, 1) r > 9, mod(r, 7) = 2
8 r − 6 3r + 3 (2, 3, r + 1, 3, r) 1
r
(2, 3, 1) r > 6, mod(r, 2) 6= 0, mod(r, 3) =
1
9 r − 8 3r + 3 (2, 5, r + 1, 3, r) 1
r
(2, 5, 1) r > 8, mod(r, 2) 6= 0, mod(r, 5) ∈
{1, 3}
10 r − 8 3r + 3 (3, 4, r + 1, 3, r) 1
r
(3, 4, 1) r > 8, mod(r, 3) = 1, mod(r, 4) =
1
11 r − 9 3r + 3 (3, 5, r + 1, 3, r) 1
r
(3, 5, 1) r > 9, mod(r, 3) = 1, mod(r, 5) ∈
{1, 4}
12 r − 10 3r + 3 (4, 5, r + 1, 3, r) 1
r
(4, 5, 1) r > 10, mod(r, 4) = 1, mod(r, 5) ∈
{1, 2}
13 r − 12 3r + 3 (4, 7, r + 1, 3, r) 1
r
(4, 7, 1) r > 12, mod(r, 4) = 1, mod(r, 7) =
5
14 r − 12 3r + 3 (5, 6, r + 1, 3, r) 1
r
(5, 6, 1) r > 12, mod(r, 5) = 1, mod(r, 6) =
1
15 r − 13 3r + 3 (5, 7, r + 1, 3, r) 1
r
(5, 7, 1) r > 13, mod(r, 5) ∈ {1, 3},
mod(r, 7) = 6
Table 6: Type X3r+6 ⊂ P(a, b, r + 2, 6, r)
No. α deg weight B-weight conditions
1 r − 4 3r + 6 (1, 1, r + 2, 6, r) 1
r
(1, 1, 2) r > 4, mod(r, 6) = 3
2 r − 6 3r + 6 (1, 3, r + 2, 6, r) 1
r
(1, 3, 2) r > 6, mod(r, 6) = 5
3 r − 8 3r + 6 (1, 5, r + 2, 6, r) 1
r
(1, 5, 2) r > 8, mod(r, 5) ∈ {2, 3},
mod(r, 6) ∈ {1, 3}
4 r − 10 3r + 6 (3, 5, r + 2, 6, r) 1
r
(3, 5, 2) r > 10, mod(r, 5) ∈ {2, 4},
mod(r, 6) = 5
Table 7: Type X4r+2 ⊂ P(a, b, 2r + 1, 2, r)
No. α deg weight B-weight conditions
1 r − 3 4r + 2 (1, 1, 2r + 1, 2, r) 1
r
(1, 1, 1) r > 3
2 r − 4 4r + 2 (1, 2, 2r + 1, 2, r) 1
r
(1, 2, 1) r > 4, mod(r, 2) 6= 0
3 r − 5 4r + 2 (1, 3, 2r + 1, 2, r) 1
r
(1, 3, 1) r > 5, mod(r, 3) 6= 0
4 r − 6 4r + 2 (1, 4, 2r + 1, 2, r) 1
r
(1, 4, 1) r > 6, mod(r, 2) 6= 0
5 r − 7 4r + 2 (1, 5, 2r + 1, 2, r) 1
r
(1, 5, 1) r > 7, mod(r, 5) ∈ {1, 2}
Continued on next page
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Table 7 – continued from previous page
No. α deg weight B-weight conditions
6 r − 8 4r + 2 (1, 6, 2r + 1, 2, r) 1
r
(1, 6, 1) r > 8, mod(r, 6) = 1
7 r − 11 4r + 2 (1, 9, 2r + 1, 2, r) 1
r
(1, 9, 1) r > 11, mod(r, 9) = 2
8 r − 6 4r + 2 (2, 3, 2r + 1, 2, r) 1
r
(2, 3, 1) r > 6, mod(r, 2) 6= 0, mod(r, 3) =
1
9 r − 8 4r + 2 (2, 5, 2r + 1, 2, r) 1
r
(2, 5, 1) r > 8, mod(r, 2) 6= 0, mod(r, 5) =
1
10 r − 10 4r + 2 (2, 7, 2r + 1, 2, r) 1
r
(2, 7, 1) r > 10, mod(r, 2) 6= 0, mod(r, 7) =
3
11 r − 8 4r + 2 (3, 4, 2r + 1, 2, r) 1
r
(3, 4, 1) r > 8, mod(r, 3) 6= 0, mod(r, 4) =
1
12 r − 9 4r + 2 (3, 5, 2r + 1, 2, r) 1
r
(3, 5, 1) r > 9, mod(r, 3) = 1, mod(r, 5) ∈
{1, 4}
13 r − 11 4r + 2 (3, 7, 2r + 1, 2, r) 1
r
(3, 7, 1) r > 11, mod(r, 3) 6= 0, mod(r, 7) =
4
14 r − 10 4r + 2 (4, 5, 2r + 1, 2, r) 1
r
(4, 5, 1) r > 10, mod(r, 5) ∈ {1, 3}
15 r − 14 4r + 2 (4, 9, 2r + 1, 2, r) 1
r
(4, 9, 1) r > 14, mod(r, 9) = 5
16 r − 12 4r + 2 (5, 6, 2r + 1, 2, r) 1
r
(5, 6, 1) r > 12, mod(r, 5) ∈ {1, 2},
mod(r, 6) = 1
17 r − 13 4r + 2 (5, 7, 2r + 1, 2, r) 1
r
(5, 7, 1) r > 13, mod(r, 5) = 1, mod(r, 7) =
6
18 r − 17 4r + 2 (7, 9, 2r + 1, 2, r) 1
r
(7, 9, 1) r > 17, mod(r, 7) = 3, mod(r, 9) =
8
Table 8: Type X4r+4 ⊂ P(a, b, 2r + 2, 4, r)
No. α deg weight B-weight conditions
1 r − 3 4r + 4 (1, 1, 2r + 2, 4, r) 1
r
(1, 1, 2) r > 4, mod(r, 4) = 3
2 r − 6 4r + 4 (1, 3, 2r + 2, 4, r) 1
r
(1, 3, 2) r > 6, mod(r, 2) 6= 0, mod(r, 3) =
2
3 r − 8 4r + 4 (1, 5, 2r + 2, 4, r) 1
r
(1, 5, 2) r > 8, mod(r, 4) = 3, mod(r, 5) =
2
4 r − 10 4r + 4 (3, 5, 2r + 2, 4, r) 1
r
(3, 5, 2) r > 10, mod(r, 2) 6= 0, mod(r, 3) 6=
0, mod(r, 5) ∈ {1, 2}
Table 9: Type X4r+6 ⊂ P(a, b, 2r + 3, 6, r)
No. α deg weight B-weight conditions
1 r − 5 4r + 6 (1, 1, 2r + 3, 6, r) 1
r
(1, 1, 3) r > 5, mod(r, 6) = 4
2 r − 6 4r + 6 (1, 2, 2r + 3, 6, r) 1
r
(1, 2, 3) r > 6, mod(r, 6) = 5
3 r − 8 4r + 6 (1, 4, 2r + 3, 6, r) 1
r
(1, 4, 3) r > 8, mod(r, 4) = 3, mod(r, 6) =
1
4 r − 9 4r + 6 (1, 5, 2r + 3, 6, r) 1
r
(1, 5, 3) r > 9, mod(r, 5) = 3, mod(r, 6) ∈
{2, 4}
5 r − 10 4r + 6 (2, 5, 2r + 3, 6, r) 1
r
(2, 5, 3) r > 10, mod(r, 5) ∈ {3, 4},
mod(r, 6) = 5
6 r − 12 4r + 6 (4, 5, 2r + 3, 6, r) 1
r
(4, 5, 3) r > 12, mod(r, 4) = 3, mod(r, 5) ∈
{2, 3}, mod(r, 6) = 1
4.4. Examples of minimal 3-folds of general type near the Noether
line.
An important topic in studying the geography problem of 3-folds of
general type is the “Noether inequality in dimension 3” which, except
for a finite number of families, was proved by Chen, Chen, and Jiang
([CCJ20, CCJa]). The open case is the following:
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Conjecture 4.6. Any minimal projective 3-foldX of general type with
5 ≤ pg ≤ 10 satisfies the inequality
K3X ≥
4
3
pg(X)−
10
3
.
The effectivity of Theorem 1.3 makes it possible for us to search those
concrete 3-folds near the Noether line K3 = 4
3
pg −
10
3
. We provide here
several new examples in Tables 10 and 11. Later in Section 6 we will
review these examples in another perspective, from the point of view
of the higher dimensional volume problem.
The description of contents of Tables 10 and 11 are similar to that
of Table 1. Here the last column is the distance ∆ to the Noether line,
that is, ∆ = Vol(X̂)− 4
3
pg(X̂) +
10
3
.
Table 10: Minimal 3-folds of general type near the Noether line, I
No. α deg weight B-weight Vol P2 pg ρ basket ∆
1 2 16 (1, 1, 2, 3, 7) 1
7
(1, 1, 3) 8
3
11 4 2 2× (1, 3) 2
3
2 3 26 (1, 1, 3, 5, 13) 1
5
(2, 1, 1) 7
2
14 5 3 (1, 2) 1
6
3 4 36 (1, 1, 5, 7, 18) 1
7
(2, 3, 1) 109
30
15 5 2 (2, 5), (1, 3), (1, 2) 3
10
4 7 56 (1, 2, 7, 11, 28) 1
11
(4, 3, 1) 17
4
15 5 9 (1, 4), 2× (1, 2) 11
12
5 2 13 (1, 1, 1, 3, 5) 1
5
(1, 1, 1) 16
3
18 6 2 (1, 3) 2
3
6 2 15 (1, 1, 1, 3, 7) 1
7
(1, 1, 3) 16
3
18 6 2 (1, 3) 2
3
7 5 40 (1, 1, 5, 8, 20) 1
4
(1, 1, 1) 6 21 7 6 0
8 6 50 (1, 1, 7, 10, 25) 1
5
(1, 1, 2) 85
14
22 7 2 (2, 7), (1, 2) 1
14
9 7 56 (1, 1, 8, 11, 28) 1
11
(2, 5, 1) 151
20
26 8 2 (2, 5), (1, 2), (1, 4) 13
60
10 9 70 (1, 1, 10, 14, 35) 1
7
(1, 1, 3) 301
30
33 10 2 (1, 2), (1, 5), (1, 3) 1
30
11 17 120 (1, 1, 17, 24, 60) 1
12
(1, 1, 5) 22 65 19 12 0
Table 11: Minimal 3-folds of general type near the Noether line, II
No. α deg weight B-weight Vol P2 pg basket ∆
1 2 15 (1, 1, 2, 3, 6) 1
6
(1, 1, 2) 8
3
11 4 2× (1, 3) 2
3
2 2 17 (1, 1, 2, 3, 8) 1
8
(1, 2, 3) 8
3
11 4 2× (1, 3) 2
3
3 2 15 (1, 1, 2, 2, 7) 1
7
(1, 2, 2) 4 14 5 2
3
Remark 4.7. (1) The minimal 3-folds X̂40 and X̂120 corresponding
to Table 10, No. 7 and No. 11 are new examples satisfying the
Noether equality. In fact, Kobayashi first constructed minimal
3-folds satisfying the Noether equality in [Kob92], and later
Chen and Hu generalizes Kobayashi’s construction to get more
examples in [CH17]. According to [CH17, Theorem 1.1], the
canonical image of any known example satisfying the Noether
equality is a Hirzebruch surface, while the canonical images of
X̂40 and X̂120 are P(1, 1, 5) and P(1, 1, 17) respectively. So both
X̂40 and X̂120 are new.
(2) All 3-folds in Table 10 and Table 11 are very useful examples
in the study of [CCJ20, Question 1.6]. Here the 3-fold corre-
sponding to Table 10, No. 10, is so far the first singular (non-
Gorenstein) minimal 3-fold which is closest to the Noether line.
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All items in Table 10 and Table 11 can be manually verified similar
to previous cases. We illustrate the explicit computations for the last
example.
Example 4.8 (Table 10, No. 10). Consider the general hypersurface
X = X70 ⊂ P(1, 1, 10, 14, 35)
which is verified to be well-formed and quasismooth. It is also clear
that α = 9, pg = 10, P2 = 33. The set of singularities of X is
Sing(X) = {
1
2
(1, 1, 1),
1
5
(1, 1, 4), Q =
1
7
(1, 1, 3)},
where the first two are terminal, and Q is non-canonical.
For the conditions of Theorem 1.3, we take
(b1, b2, b3, b4, b5) = (1, 1, 10, 14, 35),
(e1, e2, e3) = (1, 1, 3),
r = 7, and k = 3. Conditions (1), (2), (4) follow from direct compu-
tations (or Remark 3.1). Condition (3) means that the general curve
C70 ⊂ P(10, 14, 35) should be irreducible. Note that we can not di-
rectly use Lemma 3.3 here because P(10, 14, 35) is not well-formed, but
it is easy to see that P(10, 14, 35) ∼= P(5, 7, 35) ∼= P(1, 1, 1) and C70 is
isomorphic to a line in the usual projective plane.
So by Theorem 1.3, we can take a weighted blow-up f : X˜ → X at
the point Q with weight (1, 1, 3) such that K
X˜
is nef. On the excep-
tional divisor E there is 1 new singularity of type 1
3
(1, 1, 2), which is
terminal. Hence X˜ is a minimal 3-fold. Applying the volume formula
for weighted blow-ups (cf. Proposition 2.9), we get K3
X̂
= K3
X˜
= 301
30
.
Since ρ(X) = 1 by [Dol82, Theorem 3.2.4(i)], ρ(X̂) = ρ(X˜) = 2. Fi-
nally, we collect the singularities of X̂ = X˜ and obtain the Reid basket
B
X̂
= {(1, 2), (1, 5), (1, 3)}. One interesting point of this example is
that the Noether distance ∆ = 1
30
, which is the smallest among all
known examples not on the Noether line.
5. Canonical volumes of varieties of general type with
high canonical dimensions
The motivation of this section is to study Question 1.2. It is well-
known that v1 = 2 and v2 = 1. By [CC10a, CC10b, CC15] and [IF00],
we know that 1
1680
≤ v3 ≤
1
420
. Very little is known about vn for
n ≥ 4. This also hints that it is very important to find minimal higher
dimensional varieties of general type with their canonical volumes as
small as possible.
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One may dispart the difficulty of studying vn by the following strat-
egy. For any k = 1, · · · , n, we define
vn,0 := min{Vol(Y )| Y is a n-fold of general type, pg(Y ) ≤ 1} and
vn,k := min{Vol(Y )| Y is a n-fold of general type, can.dim(Y ) = k}.
Clearly, we have vn = min{vn,j| j = 0, 1, · · · , n}.
According to Kobayashi [Kob92], we have vn,n = 2. In this section,
we mainly study effective lower bounds for vn,n−1 and vn,n−2 for n ≥ 4.
5.1. Convention and notation.
(1) Given any normal projective variety W , we say that W ′ is a
higher model of W if W ′ is normal projective and there is a
birational morphism σ : W ′ −→W .
(2) If W is of general type, then W has a minimal model W0 by
[BCHM10]. Therefore one can find a higher model W ′ so that
there is a birational morphism piW ′ : W
′ −→ W0. Sometimes,
to avoid too many symbols, we say “modulo a higher model,
there is a birational morphism piW : W −→ W0”, which means
that we simply replace W by a possibly higher model (but still
denoted by W ).
(3) By convention, an (a, b)-surface S means a smooth projective
surface of general type whose minimal model S0 has invariants
(K2S0 , pg(S0)) = (a, b).
5.2. The case of canonical dimension n− 1.
Theorem 5.1. Let Y be a minimal n-fold (n ≥ 3) of general type with
can.dim(Y ) = n− 1. Then
KnY ≥ max{
2(pg(Y )− n+ 1)
n− 1
,
1
(n− 1)2
⌈
8
3
(
(n− 1)(pg(Y )− n + 1)− 1
)
⌉}.
In particular, one has
vn,n−1 ≥
{
2
n−1
, for 3 ≤ n ≤ 5;
1
(n−1)2
⌈8(n−2)
3
⌉, for n ≥ 6.
Proof. Let piY ′ : Y
′ −→ Y be a birational modification such that |M | =
Mov|KY ′ | is base point free, where Y
′ is nonsingular and projective.
Step 0. Notation and setting.
Pick up n− 2 different general members M1, . . . , Mn−2 ∈ |M |. For
any i = 1, . . . , n− 2, set Y i = M1 ∩ · · · ∩Mi which, by the Bertini the-
orem, is a smooth projective subvariety of general type of codimension
i. We also set Y 0 = Y ′ and S = Y n−2. We have the following chain of
subvarieties:
Y ′ = Y 0 ⊃ Y 1 ⊃ · · · ⊃ Y n−2 = S.
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Modulo a higher model of Y ′, we may and do assume that, for each
i = 1, . . . , n− 2, there is a birational morphism piY i : Y
i −→ Y i0 where
Y i0 is a minimal model of Y
i.
We have
KnY ≥ pi
∗
Y ′(KY )
2 · (M1 ·M2 · · · · ·Mn−2)
= (pi∗Y ′(KY )
2 · S) =
(
pi∗Y ′(KY )|S
)2
. (5.1)
It is clear that
h0(Y i,M |Y i) ≥ h
0(Y ′,M)− i = pg(Y )− i
for all i > 0. The condition can.dim(Y ′) = n− 1 implies that |M |S| is
a free pencil of curves. Denote by C a generic irreducible element of
|M |S|. Then
pi∗Y (KY )|S ≥M |S ≡ γC (5.2)
where γ ≥ h0(S,M |S)− 1 ≥ pg(Y )− n+ 1 ≥ 1.
Step 1. Canonical restriction inequalities.
For any i > 0, we have
(KY ′ + iM)|Y i ∼ (KY ′ +M1 + · · ·+Mi)|Y i
∼
(
(KY ′ +M1)|Y 1 + (M2 + · · ·+Mi)|Y 1
)
|Y i
∼
(
KY 1 + (M2|Y 1 + · · ·+Mi|Y 1)
)
|Y i
∼ . . .
∼
(
KY i−1 +Mi|Y i−1
)
|Y i
∼ KY i . (5.3)
By Kawamata’s extension theorem (cf. [Kaw98, Theorem A]; see also
[CJ17, Theorem 2.4]), picking up a sufficiently large and sufficiently
divisible integer m, we have
|m(1 + i)KY ′||Y i <|m(KY ′ + iM)||Y i
=|m(KY 1 + (i− 1)M |Y 1)||Y i
= . . . . . .
=|m(KY i−1 +M |Y i−1)||Y i
=|mKY i|
for all i > 0. Since Mov|m(1 + i)KY ′ | = |m(1 + i)pi
∗
Y ′(KY )| and
Mov|mKY i | = |mpi
∗
Y i
(KY i0 )|, we have
pi∗Y ′(KY )|Y i ≥
1
i+ 1
pi∗Y i(KY i0 ) (5.4)
for all i = 1, . . . , n− 2. In particular,
pi∗Y (KY )|S ≥
1
n− 1
pi∗S(KS0).
Step 2. pg(S) ≥ 3 and S is not a (1, 2)-surface.
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By (5.2) and (5.3), we have
KS =(KY ′ + (n− 2)M)|S
≥(n− 1)M |S ≡ (n− 1)γC, (5.5)
so
pg(S) ≥ h
0(S, (n− 1)M |S) ≥ n ≥ 3,
which means that S is not a (1, 2)-surface. Besides, since (n − 1)M |S
is free, Relation (5.5) implies that, at worst numerically,
pi∗S(KS0) ≥ (n− 1)γC. (5.6)
Step 3. The first inequality.
By [CC15, Lemma 2.4], we have (pi∗S(KS0) · C) ≥ 2. Hence
KnY ≥
(
pi∗Y ′(KY )|S
)2
≥
γ
n− 1
(σ∗(KS0) · C) ≥
2(pg(Y )− n+ 1)
n− 1
. (5.7)
Noting that pg(Y ) ≥ n, we clearly have K
n
Y ≥
2
n−1
.
Step 4. The second inequality.
By [CCJ20, Proposition 2.9] and (5.6), if g(C) = 2, we have
Vol(S) ≥ ⌈
8
3
((n− 1)(pg(Y )− n+ 1)− 1)⌉. (5.8)
We claim that Inequality (5.8) also holds for g(C) ≥ 3. In fact, if we
set C1 = piS∗(C), then Inequality (5.6) reads: KS0 ≥ (n−1)γC1. When
C21 ≥ 2, we clearly have K
2
S0
≥ 2(n−1)2γ2 ≥ 4(n−1)γ. When C21 ≤ 1,
by the adjunction formula, (KS0 · C1) + C
2
1 = 2pa(C) − 2 ≥ 4, hence
(KS0 · C1) ≥ 3 and K
2
S0
≥ 3(n− 1)γ. In a word, both are much better
inequalities than (5.8).
Now, by (5.1), (5.6), and (5.8), we have
KnY ≥ (pi
∗
Y (KY )|S)
2 ≥
1
(n− 1)2
K2S0
≥
1
(n− 1)2
⌈
8
3
((n− 1)(pg(Y )− n + 1)− 1)⌉. (5.9)
In particular, we have KnY ≥
1
(n−1)2
⌈8
3
(n− 2)⌉.
The statement follows automatically from (5.7) and (5.9). 
5.3. The case of canonical dimension n− 2.
Proposition 5.2. Let Z be a smooth projective 3-fold of general type
such that
KZ ∼Q lF +DZ
where |F | is an irreducible pencil of surfaces with pg(F ) > 0 such that
|pF | is a free pencil for some sufficiently large integer p, l > 0, and DZ
is an effective divisor. Then
Vol(Z) ≥
{
1
3
, for l = 1;
l2
l+1
, for l ≥ 2
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with a possible exception when l = 2 and F is a (1, 1)-surface.
Proof. This is a slight generalization of the main theorem in [Che07].
For the case l = 1, the proof of [Che07, Theorem 1.4] clearly follows.
We need to study the case l ≥ 2.
We assume that f : Z −→ Γ is the fibration induced by the free pencil
|pF |. Then F is a general fiber of f . Modulo a higher model of Z, we
may and do assume that there are birational morphisms piZ : Z −→ Z0
and piF : F −→ F0 where Z0 and F0 are minimal models respectively.
First, by Kawamata’s extension theorem, we have pi∗Z(KZ0)|F ≥
l
l+1
pi∗F (KF0). If K
2
F0
≥ 2, we clearly have
Vol(Z) ≥ l · (pi∗Z(KZ0)
2 · F ) ≥ l ·
2l2
(l + 1)2
>
l2
l + 1
.
If (K2F0, pg(F0)) = (1, 2), we set ξ1 =
(
pi∗Z(KZ0)|F · pi
∗
F (KF0)
)
. Set
|G| = Mov|KF | = |pi
∗
F (KF0)| whose general member is a genus 2 curve.
With m0/p = 1/l and β =
l
l+1
, [CZ08, Theorem 3.1] implies that for a
positive integer m, if (m− 2− 2
l
)ξ1 > 1, then
mξ1 ≥ 2 + ⌈(m− 2−
2
l
)ξ1⌉. (5.10)
For a sufficiently large m, (5.10) implies that mξ1 ≥ 2+ (m− 2−
2
l
)ξ1,
which implies that ξ1 ≥
2
3
. Now suppose we proved that ξ1 ≥
k
k+1
for
some integer k ≥ 2, then (k+3−2− 2
l
)ξ1 ≥
k2
k+1
> k−1 ≥ 1, therefore
(5.10) implies that (k + 3)ξ1 ≥ 2 + k. So by induction, we eventually
get ξ1 ≥ 1.
If l ≥ 3 and (K2F0, pg(F0)) = (1, 1), we set
ξ2 =
(
pi∗Z(KZ0)|F · 2pi
∗
F (KF0)
)
.
Set |G| = Mov|2KF |. The classical surface theory implies that G ∼
2pi∗F (KF0) and a general member C ∈ |G| is an even divisor which
is smooth of genus 4. With m0/p = 1/l and β =
l
2(l+1)
, by [CZ08,
Theorem 3.1] and [CC15, Lemma 2.2], for a positive integer m, if (m−
3− 3
l
)ξ2 > 1, then
mξ2 ≥ 6 + 2⌈
1
2
(m− 3−
3
l
)ξ2⌉. (5.11)
For a sufficiently large m, (5.11) implies that ξ2 ≥
3
2
. Now suppose
we proved that ξ2 ≥
2k+1
k+1
for some integer k ≥ 1, then (2k + 4 −
3 − 3
l
)ξ2 ≥
2k(2k+1)
k+1
> 2(2k − 1) > 1, therefore (5.11) implies that
(2k+ 4)ξ2 ≥ 6 + 4k, that is, ξ2 ≥
2k+3
k+2
. So by induction, we eventually
get ξ2 ≥ 2.
Hence in both cases,
Vol(Z) ≥
l2
l + 1
(pi∗Z(KZ0)|F · pi
∗
F (KF0)) ≥
l2
l + 1
.
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The proof is complete. 
Lemma 5.3. Let Z be a smooth projective 3-fold of general type such
that |KZ| ⊃ |2F | where |F | is a free pencil of surfaces and F is a
(1, 1)-surface. Then Vol(Z) ≥ 4
3
.
Proof. This is directly from [Che07, 3.3, 3.8]. 
Theorem 5.4. Let Y be a minimal n-fold of general type with canonical
dimension n− 2 (n ≥ 3). Then
KnY ≥

1
3
, for n = 3;
(pg(Y )−n+2)2
(n−2)
(
(pg(Y )−n+2)(n−2)+1
) , for 4 ≤ n ≤ 11;
2
(
2(n−2)(pg(Y )−n+2)−3
)
3(n−2)3
, for n ≥ 12.
In particular, one has
vn,n−2 ≥
{
1
(n−1)(n−2)
, for 4 ≤ n ≤ 11;
4n−14
3(n−2)3
, for n ≥ 12.
Proof. We keep the same notation and setting as in Step 0 in the proof
of Theorem 5.1. By assumption, we have pg(Y ) ≥ n− 1.
Under the assumption, we only consider Y j for j = 1, . . . , n− 3. Set
X = M1 · · · · · Mn−3, which is a smooth 3-fold of general type. By
assumption, |M |X | is a free pencil of surfaces on X . Take F to be
a generic irreducible element in |M |X | and write M |X ≡ µF . Since
h0(X,M |X) ≥ pg(Y )− n+ 3 ≥ 2, we have
pi∗Y (KY )|X ≡ µF +DX
where µ ≥ pg(Y )− n+ 2 and DX is an effective Q-divisor on X . Note
also that M |X ≥ F holds as divisors.
By Relation (5.3), one has
KX ≥ (n− 2)M |X ≡ lF (5.12)
where l = µ(n− 2) ≥ (pg(Y )− n + 2)(n − 2). By Inequality (5.4) we
have
pi∗Y (KY )|X ≥
1
n− 2
pi∗X(KX0).
Now, if n = 3, the statements is directly due to Proposition 5.2 and
Lemma 5.3 (or just [Che07, Theorem 1.4]).
Assume n ≥ 4. Then l ≥ (pg(Y ) − n + 2)(n− 2) ≥ 2. Moreover, if
l = 2, then h0(X,M |X) = pg(Y ) − n + 3 = 2, µ = pg(Y ) − n + 2 = 1
(which imply that |M |X | is an irreducible free pencil), andKX ≥ 2M |X .
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By Proposition 5.2 and Lemma 5.3, we have
KnY ≥
1
(n− 2)3
· Vol(X)
=
(pg(Y )− n+ 2)
2
(n− 2)
(
(pg(Y )− n + 2)(n− 2) + 1
)
≥
1
(n− 1)(n− 2)
.
On the other hand, whenever n ≥ 12, we have
pg(X) ≥ (pg(Y )− n+ 2)(n− 2) + 1 ≥ 11
by Relation (5.12). By [CCJ20, Theorem 1.1] and [CCJa, Theorem 1],
whenever n ≥ 12, we have
KnY ≥
1
(n− 2)3
· Vol(X)
≥
1
(n− 2)3
(
4
3
pg(X)−
10
3
)
≥
2
(
2(n− 2)(pg(Y )− n+ 2)− 3
)
3(n− 2)3
.
In particular, we have KnY ≥
4n−14
3(n−2)3
. Combining what we have proved,
the statements follow. 
6. Examples attaining minimal volumes
In this section, we provide examples to show that both Theorem 5.1
and Theorem 5.4 are optimal or nearly optimal in many cases.
Notation. For a cyclic quotient singularity Q = 1
r
(e1, e2, e3), define
∇(Q) = min
{ 3∑
i=1
mod(jei, r)| j = 1, . . . , r − 1
}
− r.
Note that this is independent of the expression of the singularity, i.e.,
independent of the choice of (e1, e2, e3). By the “Canonical Lemma” (cf.
Lemma 2.4), Q is canonical (resp. terminal) if and only if ∇(Q) ≥ 0
(resp. > 0).
6.1. A construction of higher dimensional varieties from 3-
folds.
Proposition 6.1. Let X = X3d ⊂ P(a1, a2, a3, a4, a5) be a general well-
formed quasismooth hypersurface. Assume that α = d −
∑5
j=1 aj > 1.
Let Y = Y nd ⊂ P(1
α−1, a1, a2, a3, a4, a5) be a general hypersurface, where
n = α + 2 ≥ 4. Then
(1) Y is well-formed and quasismooth;
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(2) if α+∇(Q) ≥ 1 (resp. > 1) holds for every singular point Q ∈
X, then Y has at worst canonical (resp. terminal) singularities;
in particular, if X has at worst canonical singularities, then Y
has at worst terminal singularities;
(3) if Y has at worst canonical singularities, then pg(Y ) ≥ α − 1
and KnY =
d
a1a2a3a4a5
.
Proof. Item (1) is true by Theorem 2.7. Item (3) is just a direct com-
putation.
For Item (2), note that in Proposition 2.8, if X has a cyclic quotient
singularity Q ∈ X of type 1
r
(e1, e2, e3) (in the form of Proposition 2.8),
then Y has a cyclic quotient singularity Q˜ of type 1
r
(1α−1, e1, e2, e3).
This actually gives a 1-1 correspondence of singularities of X and Y .
The statement follows from the fact that ∇(Q˜) ≥ α− 1 +∇(Q). 
Proposition 6.1 provides us a great amount of concrete examples of
higher dimensional minimal varieties of general type, from which we
pick up several interesting n-folds as follows.
Table 12: Examples of n-folds
No. 3-fold resulting n-fold
1 X316 ⊂ P(1
3, 3, 8) Y 416 ⊂ P(1
4, 3, 8), minimal
α = 2, canonical sing. K4Y =
2
3
= 2
n−1
, can.dim(Y ) = 3 = n− 1
2 X320 ⊂ P(1
3, 4, 10) Y 520 ⊂ P(1
5, 4, 10), minimal
α = 3, canonical sing. K5
Y
= 1
2
= 2
n−1
, can.dim(Y ) = 4 = n− 1
3 X330 ⊂ P(1
2, 4, 6, 15) Y 530 ⊂ P(1
4, 4, 6, 15), minimal
α = 3, canonical sing. K5Y =
1
12
= 1
(n−1)(n−2)
, can.dim(Y ) = 3 = n− 2
4 X370 ⊂ P(1
2, 10, 14, 35) Y 1170 ⊂ P(1
10, 10, 14, 35), minimal
(Table 10, No. 10)
α = 9, ∇( 1
7
(1, 1, 3)) = −2 K11Y =
1
70
, can.dim(Y ) = 9 = n− 2
Remark 6.2. Table 12, No. 1∼3 show that Theorem 1.4 is optimal in
dimensions 4 and 5, and that Theorem 1.5 is optimal in dimension 5.
Thanks to the construction in previous sections, we provide more
examples which show that Theorem 5.1 and Theorem 5.4 are optimal
in dimensions 4 and 5, and that they are nearly optimal in other di-
mensions. We have more supporting examples as follows.
6.2. Examples of dimension at most 5.
Example 6.3 (see [IF00, Page 151]). Both Theorem 5.1 and Theo-
rem 5.4 are optimal in the case n = 3.
(1) The general hypersurface 3-fold X12 ⊂ P(1, 1, 1, 2, 6) has canon-
ical dimension 2 = n − 1 and canonical volume K3 = 1. X12
has 2 terminal cyclic quotient singularities of type 1
2
(1,−1, 1).
(2) The general hypersurface 3-fold X16 ⊂ P(1, 1, 2, 3, 8) has canon-
ical dimension 1 = n − 2 and canonical volume K3 = 1
3
. X16
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has 3 terminal cyclic quotient singularities: 2 × 1
2
(1,−1, 1),
1× 1
3
(1,−1, 1).
Example 6.4 (cf. [GRD], [BK16]). The following two 4-folds of canon-
ical dimension 3 = n− 1 attain minimal volumes.
(1) The general hypersurface 4-fold Y30 ⊂ P(1, 2
3, 6, 15) has ampli-
tude α = 2, canonical dimension 3 = n− 1, and canonical vol-
ume K4 = 2
3
= 2
n−1
. One knows that Y30 has at worst canonical
singularities: point singularity of type 1
3
(1, 2, 2, 2) and surface
singularities of type 1
2
(1, 1).
(2) The general hypersurface 4-fold Y26 ⊂ P(2
4, 3, 13) has amplitude
α = 2, canonical dimension 3 = n − 1, and canonical volume
K4 = 2
3
= 2
n−1
. One knows that Y26 has at worst canonical
singularities: point singularity of type 1
3
(1, 2, 2, 2) and surface
singularities of type 1
2
(1, 1).
Example 6.5 (cf. [GRD], [BK16]). The general hypersurface 4-fold
Y42 ⊂ P(1, 2, 2, 6, 8, 21) has amplitude α = 2, canonical dimension 2 =
n−2, and canonical volumeK4 = 1
6
= 1
(n−1)(n−2)
. This hypersurface has
at worst canonical singularities: point singularities of type 1
3
(1, 2, 2, 2)
and 1
8
(1, 2, 5, 6), surface singularities of type 1
2
(1, 1).
6.3. Infinite series of higher dimensional examples.
We start by considering a general hypersurface n-foldXd ⊂ P(a1, ..., an+2).
We present two infinite series of examples for the cases n = 3k+1 and
n = 3k + 2 where k is a positive integer.
Referring to Theorem 5.1, we set
N(n) =
{
8k
(3k+1)2
, if n = 3k + 2;
8k−2
9k2
, if n = 3k + 1.
Example 6.6. Varieties V10k+10 of dimension n = 3k+2 and V10k+6 of
dimension n = 3k + 1 (k ∈ N). Both have canonical dimensions n− 1.
(1) For all positive integer k, setting n = 3k+2, the general hyper-
surface n-folds
V10(k+1) ⊂ P(1
n, 2(k + 1), 5(k + 1))
is well-formed quasismooth and has at worst canonical singular-
ities. Since the amplitude α = 1, we see that pg(V10(k+1)) = n
and the canonical dimension is n − 1. Finally, the canonical
volume
Vol(V10(k+1)) =
1
k + 1
=
3
n+ 1
.
(2) For all positive integer k, setting n = 3k+1, the general hyper-
surface n-folds
V10k+6 ⊂ P(1
n, 2k + 1, 5k + 3)
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is well-formed quasismooth and has at worst canonical singu-
larities. Since the amplitude α = 1, we see that pg(V10k+6) = n
and the canonical dimension is n − 1. Finally, the canonical
volume
Vol(V10k+6) =
2
2k + 1
=
6
2n + 1
.
Remark 6.7. (1) For varieties V∗ in Example 6.6, one has
lim
n→∞
Vol(V∗)
N(n)
=
9
8
,
which means that the lower bound obtained in Theorem 5.1 is
very close to optimum.
(2) In the proof of Theorem 5.1, corresponding to varieties V∗ in
Example 6.6, the surface S is a smooth model of either
S10(k+1) ⊂ P(1, 1, 2(k + 1), 5(k + 1)) (α = n− 1)
or
S10k+6 ⊂ P(1, 1, 2k + 1, 5k + 3) (α = n− 1).
Of course, both S10(k+1) and S10k+6 have worse than canonical
singularities.
6.4. More examples.
We have already seen the power of Proposition 6.1 (cf. Table 12)
in constructing higher dimensional minimal varieties. However, Propo-
sition 6.1 did not tell us what to do if Y is not canonical (i.e., when
Proposition 6.1(2) is not satisfied). A natural idea is to consider the
nefness criterion (Theorem 1.3), we have the following lemma:
Lemma 6.8. Keep the same notation as in Theorem 1.3. Assume
that the general hypersurface X = Xd ⊂ P(b1, ..., bn+2), together with
the point Q (of type 1
r
(e1, · · · , en))
1, satisfies all conditions (1)∼(4)
of Theorem 1.3. Set X ′ = X ′d ⊂ P(1, b1, ..., bn+2) to be the general
hypersurface of degree d. Denote by x0, x1, · · · , xn+2 the homogeneous
coordinates of P(1, b1, ..., bn+2) and set Q
′ = (x0 = x1 = · · · = xn = 0).
Assume further that ei = mod(ai, r) for each 1 ≤ i ≤ n and that
α ≥ r −
∑n
i=1 ei > 1. Then
(a) X ′ = X ′d ⊂ P(1, b1, ..., bn+2) satisfies Theorem 1.3 (1) ∼ (4) as
well.
(b) Let Y ′ be the weighted blow-up of X ′ at Q′ with weight (1, e1, · · · , en).
2
If ν(Y ) = n−1 and α = r−
∑n
i=1 ei, then ν(Y
′) = n. Otherwise,
ν(Y ′) = n+ 1.
1Up to a reordering of (b1, ..., bn+2), we always assume that the homogeneous
coordinate of Q is [0 : 0 : ... : 0 : xn+1 : xn+2].
2We can choose this weight thanks to the assumption ei = mod(ai, r).
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Proof. (a) Since we are adding a ‘1’ to the weights, X ′ remains well-
formed and quasismooth. Note that X ′ has amplitude α′ = α− 1. As
Q = [0 : · · · : 0 : xn+1 : xn+2] is the unique non-canonical point of
X , by Lemma 6.1, the unique (possible) non-canonical point of X ′ is
Q′ = [0 : 0 : · · · : 0 : xn+1 : xn+2], which is of type
1
r′
(e′1, ..., e
′
n+1) =
1
r
(1, e1, ..., en). Since r
′−
∑n
i=0 e
′
i = r−
∑n
i=1 ei−1 > 0, this is indeed a
non-canonical singularity. We can check that conditions in Theorem 1.3
hold for X ′ with k′ the (k + 1)-th place. Conditions (3) and (4) of
Theorem 1.3 are obvious. For conditions (1) and (2), it suffices to note
that α ≥ r −
∑n
i=1 ei implies
r′ −
∑n+1
j=1 e
′
j
α′
=
r −
∑n
i=1 ei − 1
α− 1
≤
r −
∑n
i=1 ei
α
.
(b) According to Proposition 2.9, ν(Y ′) < n+ 1 if and only if
d(α− 1)n+1∏n+2
j=1 bj
=
(r −
∑n
i=1 ei − 1)
n+1
r
∏n
i=1 ei
.
On the other hand, KY is nef implies that
dαn∏n+2
j=1 bj
≥
(r −
∑n
i=1 ei)
n
r
∏n
i=1 ei
,
where the equality holds if and only if ν(Y ) = n − 1. From the as-
sumption α ≥ r −
∑n
i=1 ei,
1 ≥
r −
∑n
i=1 ei
α
≥
r −
∑n
i=1 ei − 1
α− 1
.
So ν(Y ′) = n if and only if all above inequalities are equalities, if and
only if ν(Y ) = n− 1 and α = r −
∑n
i=1 ei. 
We apply Lemma 6.8 to examples in Section 4, which results in many
higher dimensional examples.
To be more precise, Lemma 6.8 may be applied to most examples
of Table 1 to get higher dimensional minimal varieties of general type.
Lemma 6.8 works for all examples with α > 1 in Theorem 4.5 (observe
that the condition α = r−
∑
ei is satisfied), hence we get higher dimen-
sional minimal varieties Y with ν(Y ) = dimY −1 (which conjecturally
equals to κ(Y )).
According to the discussion in Section 5, we see that the problem
of lower bound of canonical volumes for higher dimensional varieties
(with large canonical dimensions) is tightly related to the 3-dimensional
Noether inequality. Therefore we would like to have a closer second look
at Table 10.
We first apply Proposition 6.1 to Table 10 and find that, except for
No. 1, No. 5 and No. 6, all other resulting higher dimensional varieties
have at worst canonical singularities, for which we can directly compute
their volumes.
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For Examples No. 1, No. 5 and No. 6 in Table 10, one checks that
they all satisfy conditions of Lemma 6.8. Hence we can compute their
volumes as follows.
Example 6.9. Consider the resulting 4-fold from Table 10, No. 1:
W =W16 ⊂ P(1
3, 2, 3, 7).
It is well-formed and quasismooth with a unique non-canonical singular
point Q = [0 : · · · : 0 : 1] of type 1
7
(1, 1, 1, 3). By Lemma 6.8, conditions
of Theorem 1.3 are satisfied. Hence, after one blow-up at the point Q,
we get a minimal projective 4-fold W˜ . By Proposition 2.9, we have
Vol(W˜ ) = 1
3
.
Example 6.10. Consider the resulting 4-fold from Table 10, No. 5:
W =W13 ⊂ P(1
4, 3, 5).
It is well-formed and quasismooth with a unique non-canonical singular
point Q = [0 : · · · : 0 : 1] of type 1
5
(1, 1, 1, 1). By Lemma 6.8, conditions
of Theorem 1.3 are satisfied. Hence, after one blow-up at the point Q,
we get a minimal projective 4-fold W˜ . By Proposition 2.9, we have
Vol(W˜ ) = 2
3
.
Example 6.11. We consider the resulting 4-fold from Table 10, No. 6:
W =W15 ⊂ P(1
4, 3, 7).
It is well-formed and quasismooth with a unique non-canonical singular
point Q = [0 : · · · : 0 : 1] of type 1
7
(1, 1, 1, 3). By Lemma 6.8, conditions
of Theorem 1.3 are satisfied. Hence, after one blow-up at the point Q,
we get a minimal projective 4-fold W˜ . By Proposition 2.9, we have
Vol(W˜ ) = 2
3
.
We collect the higher dimensional examples (of amplitude = 1) as-
sociated with Table 10, where for the last column, bound means the
theoretical lower bound (if any) we obtained from Theorem 5.1 or 5.4:
Table 13: n-folds from Table 10
No. dim deg weight can.dim Vol bound
1 4 16 (13, 2, 3, 7) 2 13
1
6
2 5 26 (14, 3, 5, 13) 3 215
1
12
3 6 36 (15, 5, 7, 18) 4 235
1
20
4 9 56 (17, 2, 7, 11, 28) 6 177
5 4 13 (14, 3, 5) 3 23
2
3
6 4 15 (14, 3, 7) 3 23
2
3
7 7 40 (16, 5, 8, 20) 5 120
1
30
8 8 50 (17, 7, 10, 25) 6 135
1
42
9 9 56 (18, 8, 11, 28) 7 144
1
56
10 11 70 (110, 10, 14, 35) 9 170
1
90
11 19 120 (118, 17, 24, 60) 17 1204
62
3·173
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In Table 13, Examples No. 5 and No. 6 have canonical dimension n−
1, which are new examples attaining the lower bound of Theorem 5.1;
Examples No. 1-3 & 7-11 have canonical dimension n − 2, offering us
new examples with canonical volumes which are very close to the lower
bound of Theorem 5.4; Example No. 4 has canonical dimension n− 3,
in which case we lack of a reasonable lower bound for the canonical
volume.
Appendix A. Examples of minimal 3-folds of Kodaira
dimension 2
The description of the content of Table 14 are the same as that of
Table 1.
Table 14: Minimal 3-folds of Kodaira dimension 2
No. α deg weight B-weight Vol P2 χ ρ basket
1.1 1 24 (1, 1, 1, 8, 12) 1
4
(1, 1, 1) 0 6 -2 2
1.2 1 30 (1, 1, 2, 10, 15) 1
5
(1, 1, 2) 0 4 -1 2 4× (1, 2)
1.3 2 42 (1, 1, 3, 14, 21) 1
7
(1, 1, 3) 0 7 -2 2 3× (1, 3)
1.4 3 54 (1, 1, 4, 18, 27) 1
9
(1, 1, 4) 0 10 -3 2 2× (1, 4), (1, 2)
1.5 4 66 (1, 1, 5, 22, 33) 1
11
(1, 1, 5) 0 13 -4 2 (2, 5), (1, 5)
1.6 5 78 (1, 1, 6, 26, 39) 1
13
(1, 1, 6) 0 16 -5 2 (1, 2), (1, 3), (1, 6)
1.7 1 42 (1, 2, 3, 14, 21) 1
7
(1, 2, 3) 0 2 0 2 4× (1, 2), 3× (1, 3)
1.8 3 66 (1, 2, 5, 22, 33) 1
11
(1, 2, 5) 0 5 -1 2 (1, 5), 4× (1, 2), (2, 5)
1.9 3 66 (1, 3, 4, 22, 33) 1
11
(1, 3, 4) 0 4 -1 5 2× (1, 4), (1, 2)
1.10 2 66 (1, 3, 5, 22, 33) 1
11
(1, 3, 5) 0 2 0 2 (1, 5), 3× (1, 3), (2, 5)
1.11 3 78 (2, 3, 5, 26, 39) 1
13
(2, 3, 5) 0 2 0 5 (2, 5), 4× (1, 2), (1, 5)
1.12 1 78 (3, 4, 5, 26, 39) 1
13
(3, 4, 5) 0 0 1 2 2 × (1, 4), (1, 5), 3 ×
(1, 3), (1, 2), (2, 5)
2.1 1 15 (1, 1, 3, 4, 5) 1
4
(1, 1, 1) 0 3 -1 2
2.2 1 18 (1, 2, 3, 5, 6) 1
5
(1, 2, 1) 0 2 0 2 4× (1, 2), 3× (1, 3)
2.3 2 24 (1, 3, 3, 7, 8) 1
7
(1, 3, 1) 0 3 0 2 9× (1, 3)
2.4 3 30 (1, 3, 4, 9, 10) 1
9
(1, 4, 1) 0 4 -1 5 2× (1, 4), (1, 2)
2.5 4 36 (1, 3, 5, 11, 12) 1
11
(1, 5, 1) 0 5 -1 2 (2, 5), (1, 5), 3× (1, 3)
2.6 5 42 (1, 3, 6, 13, 14) 1
13
(1, 6, 1) 0 6 -1 2 (1, 6), 7× (1, 3), (1, 2)
2.7 7 51 (1, 3, 7, 16, 17) 1
16
(1, 7, 1) 0 9 -3 8
2.8 1 24 (2, 3, 3, 7, 8) 1
7
(2, 3, 1) 0 1 1 2 9× (1, 3), 4× (1, 2)
2.9 3 36 (2, 3, 5, 11, 12) 1
11
(2, 5, 1) 0 2 0 5 (1, 5), (2, 5), 4× (1, 2)
2.10 5 42 (3, 3, 4, 13, 14) 1
13
(3, 4, 1) 0 3 1 2 2× (1, 4), 15× (1, 3), (1, 2)
2.11 7 51 (3, 3, 5, 16, 17) 1
16
(3, 5, 1) 0 4 1 2 (1, 5), (2, 5), 18× (1, 3)
2.12 7 54 (3, 4, 5, 17, 18) 1
17
(4, 5, 1) 0 3 0 2 2 × (1, 4), (1, 5), (2, 5), 3 ×
(1, 3), (1, 2)
3.1 5 33 (1, 1, 6, 9, 11) 1
9
(1, 1, 2) 0 18 -5 2 (1, 6), (1, 2), (1, 3)
3.2 5 39 (1, 3, 6, 11, 13) 1
11
(1, 3, 2) 0 6 -1 2 (1, 6), (1, 2), 7× (1, 3)
3.3 5 45 (1, 5, 6, 13, 15) 1
13
(1, 5, 2) 0 4 -1 10 (1, 6), (1, 2), (1, 3)
3.4 7 57 (3, 5, 6, 17, 19) 1
17
(3, 5, 2) 0 2 1 2 (2, 5), (1, 6), (1, 2), (1, 5), 10 ×
(1, 3)
4.1 1 18 (1, 1, 2, 4, 9) 1
4
(1, 1, 1) 0 4 -1 2 4× (1, 2)
4.2 1 22 (1, 2, 2, 5, 11) 1
5
(1, 2, 1) 0 3 0 2 12× (1, 2)
4.3 2 30 (1, 2, 3, 7, 15) 1
7
(1, 3, 1) 0 4 -1 2 3× (1, 3)
4.4 3 38 (1, 2, 4, 9, 19) 1
9
(1, 4, 1) 0 6 -1 2 2× (1, 4), 9× (1, 2)
4.5 4 46 (1, 2, 5, 11, 23) 1
11
(1, 5, 1) 0 7 -2 2 (2, 5), (1, 5)
4.6 5 54 (1, 2, 6, 13, 27) 1
13
(1, 6, 1) 0 9 -2 2 (1, 6), 9× (1, 2), (1, 3)
4.7 9 82 (1, 2, 9, 20, 41) 1
20
(1, 9, 1) 0 16 -5 10 4× (1, 2)
4.8 1 30 (2, 2, 3, 7, 15) 1
7
(2, 3, 1) 0 2 1 2 3× (1, 3), 16× (1, 2)
Continued on next page
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Table 14 – continued from previous page
No. α deg weight B-weight Vol P2 χ ρ basket
4.9 3 46 (2, 2, 5, 11, 23) 1
11
(2, 5, 1) 0 4 1 2 (1, 5), (2, 5), 24× (1, 2)
4.10 7 70 (2, 2, 7, 17, 35) 1
17
(2, 7, 1) 0 9 0 11 36× (1, 2)
4.11 5 54 (2, 3, 4, 13, 27) 1
13
(3, 4, 1) 0 5 0 2 2× (1, 4), 3× (1, 3), 13× (1, 2)
4.12 7 66 (2, 3, 5, 16, 33) 1
16
(3, 5, 1) 0 6 -1 2 (1, 5), (2, 5), 3× (1, 3), 4× (1, 2)
4.13 3 54 (2, 4, 5, 13, 27) 1
13
(4, 5, 1) 0 2 1 2 2× (1, 4), (1, 5), (2, 5), 13× (1, 2)
5.1 3 32 (1, 1, 4, 7, 16) 1
7
(1, 1, 2) 0 10 -3 2 (1, 2), 2× (1, 4)
5.2 5 48 (1, 3, 4, 11, 24) 1
11
(1, 3, 2) 0 8 -2 2 (1, 2), 3× (1, 3), 2× (1, 4)
5.3 1 48 (3, 4, 5, 11, 24) 1
11
(3, 5, 2) 0 0 1 2 (1, 5), (1, 2), (2, 5), 3× (1, 3), 2×
(1, 4)
6.1 5 46 (1, 1, 6, 10, 23) 1
10
(1, 1, 3) 0 17 -5 2 (1, 6), (1, 3), (1, 2)
6.2 5 50 (1, 2, 6, 11, 25) 1
11
(1, 2, 3) 0 9 -2 2 (1, 6), (1, 3), 9× (1, 2)
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